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We present the perturbative results of the discretization errors proportional to the quark mass [OðamÞ] on
the QCD running coupling within lattice perturbation theory. Our analysis involves calculating the two-
loop renormalization factor Zg using improved lattice actions for the SUðNcÞ gauge group and Nf

multiplets of fermions with a finite quark mass. We employ the background field method to compute Zg, by
calculating quantum corrections on both the background and quantum gluon propagator, respecting
the OðaÞ improvement. This allows us to evaluate the perturbative OðamÞ lattice errors which affect the
determination of the running coupling. Eliminating these OðamÞ effects is crucial for the nonperturbative
studies of precision determinations of the strong coupling constant using lattice field theory.
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I. INTRODUCTION

The world average of the strong-coupling constant (αs),
evaluated at the Z-boson mass scale, includes various
determinations, each classified based on their methodologi-
cal approach (e.g, hadron collisions, τ decays, etc.). The
most accurate determinations arise from lattice QCD,
providing a result of αsðm2

ZÞ ¼ 0.1183ð7Þ [1]. However, a
number of systematic uncertainties arise in lattice QCD,
associated with perturbative truncation, discretization errors
in continuum-limit extrapolations, and finite-volume effects;
all of these uncertainties have been taken into account in the
above result.
Overcoming the limitations of simulations is challenging

without employing a specific strategy to control systematic
uncertainties. By applying the decoupling method [2] with
the finite-size-scaling technique, one can bridge the gap

from low to high energies in a controlled manner. The
decoupling method shifts the bulk of the calculation to pure
gauge theory, where it is computationally cheaper. This
combined approach effectively eliminates systematic errors
in a controlled way, as opposed to most “large volume”
approaches.
The decoupling strategy relies, to some extent, on lattice

QCD computations with Nf ≥ 3 degenerate heavy quarks
at a low energy scale requiring the introduction of massive
finite volume couplings. When linking observables at
different quark masses, it is important to keep a constant
lattice spacing up to order Oða2Þ, and hence there is a need
to study a lattice theory that respects OðaÞ improvements.
In an OðaÞ improved lattice theory, one has to properly

impose renormalization conditions in a way that correlation
functions of the renormalized fields converge to the
continuum limit as Oða2Þ. A simple strategy is to choose
all renormalization conditions defined at the same point
(g0, am0) in the bare parameter space. In this scheme,
transformations of the bare parameters and rescaling of the
bare fields do not affect renormalization quantities. Hence,
the corresponding counterterms ofOðaÞ can be ignored and
so this category of renormalization schemes is automati-
cally compatible with OðaÞ improvement. However, in this
manner, the renormalized coupling constant and renormal-
ized fields implicitly depend on the quark mass. This can be
avoided though, by using mass-independent renormaliza-
tion schemes [3].
In mass-independent schemes, renormalization condi-

tions are defined at zero quark mass. As a result, renor-
malized quark masses are decoupled from the running
coupling and it is convenient to study its scale evolution
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(β-function) since the arguments of the massless theory will
remain the same. Then, the issue is that the theory of finite
mass quarks must be related to the massless theory. This
link is usually established through the bare parameters.
Thus, there is a need for reparametrization of the bare
theory, so that we can preserve the OðaÞ improvement.
To set up a general mass-independent renormalization

scheme respecting OðaÞ improvement, one can introduce a
modified bare coupling through

g̃20 ¼ g20ð1þ bgðg20ÞamqÞ ð1Þ

while the subtracted degenerate quark mass,mq, is given by

mq ¼ m0 −mcðg20Þ: ð2Þ

The parameter mcðg20Þ is the critical value of the
Lagrangian quark mass at which the renormalized quark
masses vanish. Note that mcðg20Þ depends on how the
physical quark mass is defined, but its exact form should
differ only at Oða2Þ. Nevertheless, order a2 corrections
are considered negligible. At m0 ¼ mc, the modified and
ordinary bare couplings coincide. Moreover, bgðg20Þ in
Eq. (1) must be appropriately selected so as to remove
any remaining cutoff effects of OðaÞ. The bottom line is
that the scaling required for g0 depends on the quark mass,
while g̃0 scales independently of the quark mass.
For heavier quarks in decoupling methods, values of

amq increase, emphasizing the significance of determining
bgðg20Þ in both perturbative and nonperturbative ways.
Nonperturbative calculations of bgðg20Þ have been recently
carried out [4]. Currently, bgðg20Þ is only known to one-loop
order in perturbation theory [3], which introduces a
significant systematic error to the precision of the strong
coupling constant due to the truncated perturbative result [2].
In the present work, we study the two-loop renormal-

ization factor, Zg. This factor relates the bare running
coupling g0 to the MS-renormalized running coupling g. By
employing the background field method we find the
discretization errors associated with the finite quark mass.
We are specifically interested in identifying discretization
errors that are proportional to the quark mass. These errors
are of the order of OðamÞ and can affect the determination
of the strong coupling constant. To calculate bgðg20Þ in
Eq. (1) at two-loop order, which has not been done before,
we need to take into account the complexity caused by the
inclusion of quark masses [5]. EliminatingOðamÞ effects is
important for improving the accuracy of any quantity that is
calculated using Wilson-type fermions [6].
The paper is organized as follows: In Secs. II and III,

we provide the setup of our calculation, including the
improved lattice actions, and a brief review of the beta
function and the background field formalism. Sections IV
and V present our main results at the one- and two-loop

order, respectively. This includes expressions for both the
Green’s functions and bgðg20Þ. In Sec. VI, we summarize
our findings and outline future plans. Appendix A briefly
describes integration over loop momenta and estimation of
the corresponding numerical error; Appendix B contains
tables with the numerical values of the two-loop lattice
Green’s function of each Feynman diagram.

II. IMPROVED LATTICE ACTION

Our computations are carried out within the lattice
regularization, using the clover improved action
(Sheikholeslami-Wohlert) [7] for fermions. The clover
action reads, in standard notation,

SF ¼
X
f

X
x

ð4rþm0Þψ̄fðxÞψfðxÞ

−
1

2

X
f

X
x;μ

½ψ̄fðxÞðr − γμÞUx;xþμψfðxþ μÞ

þ ψ̄fðxþ μÞðrþ γμÞUxþμ;xψfðxÞ�

−
1

4
csw

X
f

X
x;μ;ν

ψ̄fðxÞσμνF̂μνðxÞψfðxÞ; ð3Þ

where r is the Wilson parameter, f is a flavor index,
σμν ¼ ½γμ; γν�=2, m0 is the Lagrangian quark mass,1 and
csw is the clover parameter. In the following calculations,
r is set to 1 as customary, and csw is considered as a free
parameter for wider applicability of results. Powers of the
lattice spacing a have been omitted and may be directly
reinserted by dimensional counting. The tensor F̂μν is
proportional to a lattice representation of the gluon field
tensor, defined through

F̂μν ≡ 1

8
ðQμν −QνμÞ ð4Þ

where Qμν is the sum of the plaquette loops:

Qμν ¼ Ux;xþμUxþμ;xþμþνUxþμþν;xþνUxþν;x

þ Ux;xþνUxþν;xþν−μUxþν−μ;x−μUx−μ;x

þ Ux;x−μUx−μ;x−μ−νUx−μ−ν;x−νUx−ν;x

þ Ux;x−νUx−ν;x−νþμUx−νþμ;xþμUxþμ;x: ð5Þ

For the gauge fields we employ a class of Symanzik
improved gauge actions [8], involving Wilson loops with
4 and 6 links (1 × 1 plaquettes and 1 × 2 rectangles,
respectively), which is given by the relation

1For simplicity of notation, we denote all flavor masses by m0;
the case of different flavor masses can be trivially recovered from
our results.
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SG ¼ 2

g20

�
c0
X
plaq

ReTrf1−Uplaqgþ c1
X
rect

ReTrf1−Urectg
�
:

ð6Þ

The coefficients c0 and c1 can in principle be chosen
arbitrarily, subject to the following normalization condi-
tion, which ensures the correct classical continuum limit of
the action

c0 þ 8c1 ¼ 1: ð7Þ

For the numerical evaluation, particular choices of values
for fc0, c1g are employed in our calculations as shown
in Table I.

III. THEORETICAL SETUP

Let us first recall some concepts related to the beta
function in the massless case and to the background field
method; these will be useful as we extend them to the case of
nonzero fermion mass. The dependence of the renormalized
coupling constant on the intrinsic scale of the renormaliza-
tion scheme is given by the renormalized β-function:

βðgÞ≡ μ̄
dg
dμ̄

����
a;g0

; ð8Þ

where a is the lattice spacing, μ̄ is the renormalization scale,
and g (g0) is the renormalized (bare) coupling constant. We
will employ the MS renormalization scheme in this work. In
the asymptotic limit for QCD (g → 0), one can write the
expansion of the β-function in powers of g:

βðgÞ ¼ −b0g3 − b1g5 − b2g7 þOðg9Þ: ð9Þ

The bare β-function for the lattice regularization is
defined as

βLðg0Þ≡ −a
dg0
da

����
μ̄;g
: ð10Þ

Similar to Eq. (9), the asymptotic high energy limit
(g0 → 0) of the lattice bare β-function is

βLðg0Þ ¼ −b0g03 − b1g05 − bL2 g0
7 þOðg09Þ: ð11Þ

The first two coefficients b0, b1 are universal for
massless gauge theories ([9]), in the sense that they do
not depend on the regularization nor the renormalization
scheme. However, coefficients bLi ði ≥ 2Þ depend on the
renormalization scheme and must be determined perturba-
tively. Coefficients b0, b1, and b2 can be found in Ref. [10],
while bL2 has been calculated either in the absence of
fermions [11,12] or using the Wilson [13], clover [14], or
overlap [15] fermions.
The bare coupling constant g0 is related to the renor-

malized coupling constant g through the renormalization
function Zg:

g0 ¼ Zgðg20; aμ̄Þg: ð12Þ

The most convenient and economical way to proceed
with the calculation of Zgðg20; aμ̄Þ is to use the background
field (BF) technique [16,17], in which the renormaliza-
tion of the background field is directly connected with Zg.
On the lattice, the background field technique can be ap-
proached in more than one way. Different lattice actions
may be chosen and the precise way in which the back-
ground field is introduced is arbitrary to some extent.
However, the differences between the choices of lattice
actions should be irrelevant in the continuum limit. The
background field on the lattice is introduced by decom-
posing the gauge link variable as follows [16]:

UμðxÞ ¼ UQ
μ ðxÞUB

μ ðxÞ;
UQ

μ ðxÞ≡ eig0QμðxÞ;

UB
μ ðxÞ≡ eiaBμðxÞ; ð13Þ

where QμðxÞ ¼ Qa
μðxÞTa is the quantum field, BμðxÞ ¼

Ba
μðxÞTa is the background field, and Ta are the generators

of SUðNcÞ with the convention of TrðTaTbÞ ¼ δab=2.
Since the gauge link is now a product of two different
field links, there is freedom in interpreting the gauge
transformation:

½UμðxÞ�Λ ¼ ΛðxÞUμðxÞΛ−1ðxþ aμ̂Þ: ð14Þ

This transformation can be viewed in two ways. The first
one considers the quantum field as a matter field which
transforms purely locally, while the background field
transforms as a true gauge field:

½UQ
μ ðxÞ�Λ ¼ ΛðxÞUQ

μ ðxÞΛ−1ðxÞ;
½UB

μ ðxÞ�Λ ¼ ΛðxÞUB
μ ðxÞΛ−1ðxþ aμ̂Þ: ð15Þ

The second one considers the background field as
invariant, while the quantum field is now the true gauge
field:

TABLE I. Commonly used sets of values for Symanzik
coefficients.

Gluon action c0 c1

Wilson 1 0
Tree-level Symanzik (TLS) 5=3 −1=12
Iwasaki 3.648 −0.331

PERTURBATIVE DETERMINATION OF OðamÞ IMPROVEMENT … PHYS. REV. D 112, 074508 (2025)

074508-3



½UQ
μ ðxÞ�Λ ¼ ΛðxÞUQ

μ ðxÞUB
μ ðxÞΛ−1ðxþ aμ̂ÞðUB

μ ðxÞÞ−1;
½UB

μ ðxÞ�Λ ¼ UB
μ ðxÞ: ð16Þ

Let us call the first interpretation of gauge transformations
“background gauge transformations” and the second one
“quantum gauge transformations.” As the background is an
external field, which is not involved in the path integration,
the gauge-fixing term, which ensures the finiteness of path
integrals, can be chosen to preserve the gauge invariance
under background transformations. A proper choice is the
following:

Sgf ¼ λ0a4
X
x;μ;ν

TrfD−
μQμðxÞD−

νQνðxÞg; ð17Þ

where λ0 is the inverse bare gauge parameter [λ−10 ¼ 0ð1Þ in
Landau (Feynman) gauge)] and the lattice covariant
derivative D−

μ is written as

D−
μQνðxÞ¼

1

a
½UB

μ
−1ðx−aμ̂ÞQνðx−aμ̂ÞUB

μ ðx−aμ̂Þ−QνðxÞ�:
ð18Þ

This term preserves the gauge invariance of the background
field in the action, even though it breaks the gauge invari-
ance of the quantum field.
The corresponding Faddeev-Popov action (SFP) for ghost

fields, produced by the gauge-fixing term, along with the
contribution from the integration measure (Smeas.), resulting
from the change of integration variables from links to
vector fields, are explicitly written in Ref. [16]. Therefore
the full action is given by

S ¼ SF þ SG þ Sgf þ SFP þ Smeas: ð19Þ

The fact that exact gauge invariance is preserved in the
background field formalism leads to a relation between the
renormalization factors of background field ZB and of
coupling constant Zg [18]:

ZBðg20; aμÞZ2
gðg20; aμÞ ¼ 1 ð20Þ

where Bμ
0 ¼ ZBðg20; aμÞ1=2Bμ. In this framework, the rela-

tion between the lattice bare coupling constant and the
renormalized one can be extracted by the evaluation of ZB,
instead of Z2

g, with no need to calculate any 3-point Green’s
functions, thus leading to a less complicated calculation.
Note, however, that the inclusion of quark masses adds a
layer of complexity.
Henceforth we consider the 1-particle-irreducible

(1-PI) 2-point Green’s function of background field,
both in the continuum [ΓBB

R ðp;m; λÞabμν ] and on the lattice
[ΓBB

L ðp;mq; λ0Þabμν ], in the presence of a fermion mass.
These functions can be expressed in terms of scalar

amplitudes νRðp;m; λÞ, νðp;mq; λ0Þ. Following the nota-
tion of Ref. [11] the Green’s functions of the background
field in the continuum are given as

ΓBB
R ðp;m;λÞabμν ¼−δabðδμνp2 −pμpνÞð1− νRðp;m;λÞÞ=g2;

νRðp;m;λÞ ¼
X∞
l¼1

g2lνðlÞR ðp;mðg20Þ;λðg20ÞÞ ð21Þ

where νðlÞR ðp;mðg20Þ; λðg20ÞÞ can be written as

νðlÞR ðp;mðg20Þ; λðg20ÞÞ ¼ νðlÞR ðp; 0; λðg20ÞÞ
þ ΔνðlÞR ðp;mðg20Þ; λðg20ÞÞ ð22Þ

where λ is the inverse MS-renormalized gauge param-
eter, m is the renormalized mass [where m ¼ Zmðg20Þmq]

and νðlÞR ðp; 0; λðg20ÞÞ is the amplitude corresponding to
the massless case.
Similarly, the Green’s functions of the background field

on the lattice are given asX
μ

ΓBB
L ðp;mq; λ0Þabμμ ¼ −δab3p̂2ð1 − νðp;mq; λ0ÞÞ=g20;

νðp;mq; λ0Þ ¼
X∞
l¼1

g2l0 νðlÞðp;mq; λ0Þ ð23Þ

where p̂2 ¼ P
μ p̂

2
μ, p̂μ ¼ ð2=aÞ sinðapμ=2Þ. The ampli-

tude νðlÞðp;mq; λ0Þ can be written as

νðlÞðp;mq; λ0Þ
¼ νðlÞ0 ðp;mq; λ0Þ þ amqν

ðlÞ
1 ðp;mq; λ0Þ þOða2m2

qÞ
¼ νðlÞ0 ðp; 0; λ0Þ þ ΔνðlÞ0 ðp;mq; λ0Þ
þ amqðνðlÞ1 ðp; 0; λ0Þ þ ΔνðlÞ1 ðp;mq; λ0ÞÞ þOða2m2

qÞ
ð24Þ

where νðlÞ0 ðp; 0; λ0Þ represents the outcome to the massless
theory without considering the OðaÞ improvement. The
tensor structure of these Green’s functions, as given above,
is implied by the symmetries of the theory.
As discussed in Ref. [17], the continuum and lattice

Green’s functions are related by ΓBB
R ¼ ΓBB

L þOðaÞ. Thus,
using Eqs. (20), (21), and (23), we can express Z2

g in terms
of νRðpÞ, νðpÞ:

Z2
g ¼ Z−1

B ¼ 1 − νðp;mq; λ0Þ
1 − νRðp;m; λÞ : ð25Þ

Given that ZMS
g is gauge independent, we choose to

compute it in the renormalized Feynman gauge, that is, we
set the renormalized gauge parameter λ ¼ 1. At the two-loop
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level, this necessitates an explicit renormalization of λ0 to
one loop. A similar relation to Eq. (25) for the renormaliza-
tion factor Zλ [where λ ¼ Zλðg20Þλ0], can be expressed in
terms of the scalar terms ωRðp;mÞ and ωðp;mqÞ which
appear in the definition of the quantum field self-energy
in the continuum [ΓQQ

R ðp;m; λÞabμν ] and on the lattice

[ΓQQ
L ðp;mq; λ0Þabμν ], respectively:

ΓQQ
R ðp;m; λÞabμν ¼ −δab½ðδμνp2 − pμpνÞð1 − ωRðp;mÞÞ

þ λpμpν�;

ωRðp;mÞ ¼
X∞
l¼1

g2lωðlÞ
R ðp;mðg20ÞÞ ð26Þ

where ωðlÞ
R ðp;mðg20ÞÞ can be written as

ωðlÞ
R ðp;mðg20ÞÞ ¼ ωðlÞ

R ðp; 0Þ þ ΔωðlÞ
R ðp;mðg20ÞÞ ð27Þ

and ωðlÞ
R ðp; 0Þ is the amplitude corresponding to the mass-

less case.
The Green’s functions of the quantum field in the lattice

are given as

X
μ

ΓQQ
L ðp;mq; λ0Þabμμ ¼ −δabp̂2½3ð1 − ωðp;mqÞÞ þ λ0�;

ωðp;mqÞ ¼
X∞
l¼1

g2l0 ωðlÞðp;mqÞ ð28Þ

where the amplitude ωðlÞðp;mqÞ can be written as

ωðlÞðp;mqÞ ¼ ωðlÞ
0 ðp;mqÞ þ amqω

ðlÞ
1 ðp;mqÞ þOða2m2

qÞ
¼ ωðlÞ

0 ðp; 0Þ þ ΔωðlÞ
0 ðp;mqÞ þ amqðωðlÞ

1 ðp; 0Þ þ ΔωðlÞ
1 ðp;mqÞÞ þOða2m2

qÞ ð29Þ

and ωðlÞ
0 ðp; 0Þ is the amplitude corresponding to the massless case.

The relation between the continuum and lattice Green’s functions is now given by ΓQQ
R ¼ Z−1

λ ΓQQ
L þOðaÞ [17]. Hence,

using Eqs. (26) and (28) we can express Zλ in terms of ωRðp;mÞ, ωðp;mqÞ:

Zλ ¼
1 − ωðp;mÞ
1 − ωRðp;mqÞ

: ð30Þ

Expressed in terms of the perturbative expansions given by Eqs. (21), (23), (26), and (28), and utilizing the relations
provided by Eqs. (25) and (30), the renormalization factor Z2

g in the asymptotic limit (g0 → 0) of the mass-independent
renormalization scheme (m → 0) takes the following form:

Z2
g ¼

�
1þ g20ðνð1ÞR − νð1ÞÞ þ g40ðνð2ÞR − νð2ÞÞ þ g40ðωð1Þ

R − ωð1ÞÞλ ∂ν
ð1Þ
R

∂λ
þOðg60; m2Þ

�
λ¼λ0 ;
m¼mq

ð31Þ

with νðlÞR ðp;m; λÞ, νðlÞðp;mq; λ0Þ, ωðlÞ
R ðp;mÞ and ωðlÞðp;mqÞ given by Eqs. (22), (27), and (29) respectively. Although

νð1ÞR ðp;m; λÞ is required for a general gauge λ, in all other cases, we can choose the Feynman gauge, λ ¼ λ0 ¼ 1. This choice
significantly simplifies the computations, particularly in lattice regularization.

The amplitudes νð1ÞR ðp; 0; λÞ;ωð1Þ
R ðp; 0Þ; νð2ÞR ðp; 0; λÞ calculated in dimensional regularization for the massless case, have

been already known in the literature [13,16]. Moreover, the amplitudes νð1Þ0 ðp; 0; λ0Þ,ωð1Þ
0 ðp; 0Þ, and νð2Þ0 ðp; 0; λ0Þ have been

calculated before using a variety of lattice actions by [11,13,14,19].
Finally, the relation between the renormalized running coupling g and the bare running coupling g0 can be expressed as

g2 ¼
�
g20 − g40ðνð1ÞR − νð1ÞÞ þ g60

�
ðνð1ÞR − νð1ÞÞ2 − νð2ÞR þ νð2Þ − λ

∂νð1ÞR

∂λ
ðωð1Þ

R − ωð1ÞÞ
�
þOðg80Þ

�
λ¼λ0 ;
m¼mq

: ð32Þ

Writing bgðg0Þ as an expansion in powers of g0 in Eq. (1),

g̃20 ¼ g20
�
1þ amq

�
bð1Þg g20 þ bð2Þg g40 þOðg60Þ

	
 ð33Þ

we can reparametrize the bare coupling constant so that the fermion mass will be decoupled from the renormalized running
coupling:
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g2 ¼
�
g̃20 − g̃40½ðνð1ÞR − νð1Þ0 Þ þ amqðbð1Þg − νð1Þ1 Þ� þ g̃60½ðνð1ÞR − νð1Þ0 Þ2 − νð2ÞR þ νð2Þ0 − λ

∂νð1ÞR

∂λ
ðωð1Þ

R − ωð1Þ
0 Þ

þ amq

�
νð2Þ1 − bð2Þg þ 2ðνð1Þ0 − νð1ÞR Þðνð1Þ1 − bð1Þg Þ þ λ

∂νð1ÞR

∂λ
ωð1Þ
1

��
þOðg̃80Þ

�
λ¼λ0 ;
m¼mq

: ð34Þ

Therefore, bð1Þg is given by

bð1Þg ¼ νð1Þ1 ð35Þ

and at two-loop order, bð2Þg must be

bð2Þg ¼ νð2Þ1 þ λ
∂νð1ÞR

∂λ
ωð1Þ
1

����
λ¼λ0 ;
m¼mq

: ð36Þ

IV. ONE-LOOP RESULTS

As already discussed, the most efficient way of calcu-
lating Z2

g is to consider the 2-point (2-pt) Green’s function
of the background field. We are only interested in calculat-
ing diagrams having a fermion propagator as seen in Fig. 1,

since these are associated with the OðamÞ effects of the
strong coupling constant.
The one-loop result of the fermion contributions (“F”) to

2-pt lattice Green’s function is

ΓBB;1loop
L;F ðp;mqÞabμν ¼ δabðδμνp2 − pνpμÞ

�
F1ðapÞ þ F2

�
m2

q

p2

�
þ amq

�
F3ðapÞ þ F4

�
m2

q

p2

��
þOða2m2

qÞ
�
; ð37Þ

where

F1ðapÞ ¼ Nf

�
−0.0137322þ 0.0050467csw − 0.0298435c2sw þ 2

3

1

16π2
lnða2p2Þ

�
;

F2

�
m2

q

p2

�
¼ Nf

16π2

8<
:8

3

m2
q

p2
−
8

3

�
−
1

2
þm2

q

p2

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4

m2
q

p2

s
arccoth

0
B@

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4

m2
q

p2

s 1
CAþ 2

3
ln

�
m2

q

p2

�9=
;;

F3ðapÞ ¼ Nf

�
0.0272837 − 0.0223503csw þ 0.0070667c2sw − ð1 − cswÞ

2

16π2
ln ða2p2Þ

�
;

F4

�
m2

q

p2

�
¼ Nf

16π2

8>><
>>:−4

m2
q

p2
þ 4½ð−1þ cswÞ

�
1þ 4

m2
q

p2

�
þ 4

�
m2

q

p2

�
2
� arccoth� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ 4
m2

q

p2

q �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 4

m2
q

p2

q

− ð1 − cswÞ2 ln
�
m2

q

p2

�9>>=
>>;:

It is worth mentioning that the errors on our lattice one-loop expressions are smaller than the last shown digit.
Since the above Green’s function stems from diagrams of closed fermion loops, the one-loop results are independent of

the Symanzik coefficients. Furthermore, incorporating stout links into the lattice action we find that the one-loop outcome is
independent of the stout coefficient w. This stems from the fact that after N successive smearing steps, the transverse part of
a gluon field in one-loop corrections is multiplied by a factor ð1 − wa2p̂2ÞN [20]. Eliminating terms of order Oða2Þ should
result in no contribution from the stout-smearing coefficient, as indicated by our findings.

1 2
FIG. 1. One-loop Feynman diagrams for fermion contributions
to ΓBB;1loop

L;F . A solid line represents quarks. Wavy lines ending on
a cross represent background gluons. Each diagram is meant to be
symmetrized over the color indices, Lorentz indices, and mo-
menta of the two external background fields.
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In terms of the amplitudes νð1Þðp;mq; λ0Þ in Eq. (24),
using Eq. (37) we find the following:

νð1Þ0 ðp; 0; λ0Þ ¼ νð1Þ0 ðp; 0; λ0ÞjNf¼0 þ F1ðapÞ;

Δνð1Þ0 ðp;mq; λ0Þ ¼ O
�
m2

q

p2

�
;

νð1Þ1 ðp; 0; λ0Þ ¼ F3ðapÞ;

Δνð1Þ1 ðp;mq; λ0Þ ¼ O
�
m2

q

p2

�
: ð38Þ

Amplitudes νð1Þ0 and νð1Þ1 can be derived using two
approaches; first, by evaluating the momentum integrals
and subsequently performing a first-order Taylor expansion
in mass, as outlined in this section, and second, by
reversing the steps. Both methods yield identical results,
with the latter being the most straightforward for lattice
calculations. Consequently, for the two-loop calculations,
we will employ only the second approach.
Using Eq. (35) we find the first coefficient of bgðg20Þ as

bð1Þg ¼ Nf

�
0.0272837 − 0.0223503csw þ 0.0070667c2sw

− ð1 − cswÞ
2

16π2
lnða2p2Þ

�
þO

�
m2

q

p2

�
: ð39Þ

We stress that bð1Þg is independent of the gluon action
used and the number of colors.
For the tree-level Sheikholeslami-Wohlert coefficient,

csw ¼ 1þOðg20Þ, we obtain the well-established result [3]

bð1Þg ¼ 0.012000Nf: ð40Þ

To incorporate a mass-dependent running coupling,
it is necessary to consider the terms of Oðm2

q=p2Þ in the
amplitudes of Eq. (38). For heavy fermions, taking the limit
z → ∞ (where z≡mq=p) and setting csw ¼ 1þOðg20Þ,
we obtain

Δνð1Þ0 ðp;mq; λ0Þ ¼
Nf

16π2

�
10

9
þ 4

3
lnðzÞ þ 2

15z2

�
þO

�
1

z4

�
;

Δνð1Þ1 ðp;mq; λ0Þ ¼
Nf

16π2

�
−
2

3
þ 2

15z2

�
þO

�
1

z4

�
: ð41Þ

Using the above relations and Eq. (34), one can find the
logarithmic mass dependence of the renormalized running
coupling in the limit of heavy fermions, as determined
in Ref. [21].

V. TWO-LOOP CALCULATIONS

To derive the two-loop amplitude νð2Þ of the fermion
contribution, we compute the 2-point lattice Green’s
function of 20 Feynman diagrams, as shown in Fig. 2.
The tree-level fermion propagator in momentum space is

given by

hψψ̄i ¼ −i=̊pþMðp;mÞ
p̊2 þMðp;mÞ2 ; ð42Þ

where ̊=p ¼ P
μ γμ

1
a sinðapμÞ and Mðp; mÞ ¼ mþ

2
a

P
μ sin

2ðapμ=2Þ.
As mentioned in Sec. IV, we proceed by first expanding

the denominator of Eq. (42) with respect to mass up to
OðaÞ corrections:

1

p̊2 þMðp;mÞ2 ¼
1

p̊2 þMðp; 0Þ2
�
1 −

4m 1
a

P
μsin

2ðapμ=2Þ
p̊2 þMðp; 0Þ2 þOða2m2Þ

�
: ð43Þ

One main difficulty in this computation, as compared to the massless case, stems from the fact that the fermion
propagator now contains contributions of Oðp−2Þ; this amplifies the presence of potential IR divergences, which must be
carefully addressed. Also, the sheer number of terms which must be integrated over the two loop momenta is of the order of
∼106; this has necessitated the creation of special-purpose integration routines, to overcome the severe constraints on CPU
and memory. A brief description of the integration procedure and the associated error estimation is sketched in Appendix A.
Computational challenges were further amplified by the distinct methodologies and manipulations required for each
diagram. Particularly, the “diamond” diagrams (diagrams 15 and 16 in Fig. 2) stand out as the most challenging within this
computation.
The two-loop results regarding fermion contributions to the 2-point lattice Green’s function take the following form:

X
ρ

ΓBB;2loop
L;F ðp;mqÞabρρ ¼ δab3p̂2

X
j

½G0;jðapÞ þ amqG1;jðapÞ þOða2m2
qÞ�: ð44Þ

The index j runs over the diagrams shown in Fig. 2. Since two-loop diagrams can have a maximum of four fermionic
vertices, Gi;jðapÞ is a polynomial in csw of degree up to 4.
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The general form of Gi;jðapÞ is
a2p̂2Gi;jðapÞ

¼ c0;i;j þ c1;i;ja2
X
μ

p4
μ

p2

þ a2p2

�
c2;i;j

�
lnða2p2Þ
ð4πÞ2

�
2

þ c3;i;j
lnða2p2Þ
ð4πÞ2 þ c4;i;j

�
þOða4p4Þ ð45Þ

where the dependence of cn;i;j on Nc, Nf, csw is given by

cn;i;j ¼
X4
k¼0

Nfcksw

�
1

Nc
cð−1;kÞn;i;j þ Ncc

ð1;kÞ
n;i;j

�
: ð46Þ

It is worth mentioning that specific diagrams exhibit
infrared convergence only when considered in pairs: (1, 2),
(3, 4). We have evaluated these pairs accordingly, ensuring

careful handling to prevent divergences in intermediate
results. The results for each diagram are presented in
Tables II–XIV in Appendix B. Diagrams not appearing
in these tables give vanishing contributions.
We provide here a brief overview of the validation

checks performed on our calculations. Several constraints
on the coefficients cn;i;j were imposed to verify both the
algebraic expressions and the numerical results.
In particular, for c0;i;j, gauge invariance requires thatX

j

c0;i;j ¼ 0 ð47Þ

where we explicitly confirmed that this condition holds.
For the Wilson gluon action with Wilson fermions,

applying a Ward-identity-like procedure—where vertices
with background fields at zero momentum are expressed in
terms of appropriate derivatives of inverse propagators—
leads to the following additional constraints:

FIG. 2. Two-loop Feynman diagrams for the fermion contributions to ΓBB;2loop
L;F . Awavy (solid) line represents gluons (quarks). Wavy

lines ending on a cross represent background gluons. A solid circle is the one-loop fermion mass counterterm. Each diagram is meant to
be symmetrized over the color indices, Lorentz indices, and momenta of the two external background fields.
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2c0;i;20 þ c0;i;14 ¼ 0;

c0;i;20 þ c0;i;14 þ c0;i;9 þ c0;i;6 ¼ 0;

ðc0;i;19 þ c0;i;18ÞjN2
c¼2 ¼ 0;

c0;i;4 þ c0;i;2 þ c0;i;3 þ
1

2
c0;i;15 þ c0;i;1 ¼ 0;

c0;i;11 ¼ 0;

c0;i;7 þ c0;i;10 ¼ 0;

ðc0;i;8 þ c0;i;5ÞðN2
c − 2Þ þ c0;i;12ðN2

c − 1Þ
− c0;i;16ðN2

c − 1ÞðN2
c − 2Þ ¼ 0: ð48Þ

These relations hold for any value of the quark mass mq
and Wilson parameter r. While Ref. [13] previously
verified them in the massless case, we ensure their validity
for the massive case as well. By substituting our numerical
results for the coefficients into each identity, we consis-
tently obtain zero within the estimated errors.
Furthermore, as Lorentz invariance is restored in the

continuum limit, the sum of terms involving the coefficients
c1;i;j must vanish. Among all contributions, only diagrams
1 and 2 yield nonzero values, and we have verified that their
combined sum is zero.
The coefficients c2;0;j were also confirmed to align with

their continuum counterparts:

c2;0;16 ¼
1

3

1

Nc
Nf; c2;0;15 ¼

4

3
NcNf;

c2;0;1 ¼ −
5

3
NcNf; c2;0;5 ¼

1

3

N2
c − 1

Nc
Nf: ð49Þ

For all other diagrams, the coefficients of the double
logarithms vanish.
Finally, the total contribution from single logarithms

must match the continuum result:

X
j

c3;0;j ¼
1

ð4πÞ2
�
3Nc −

1

Nc

�
Nf: ð50Þ

This condition was verified both algebraically and
numerically.
To determine the second coefficient of bgðg20Þ as given by

Eq. (36), we use Eq. (22) along with the result for the

massless case of νð1ÞR ðp; 0; λÞ, found, e.g., in Ref. [13].
Additionally, it is important to note that the fermionic
contributions to ωð1Þðp;mqÞ are identical to those in

νð1Þðp;mqÞ, i.e., ωð1Þ
1 ¼ νð1Þ1 . Therefore, the second coef-

ficient bð2Þg is expressed as

bð2Þg ¼
X
j

G1;jðapÞ −
2Nc

16π2
F3ðapÞ þO

�
m2

q

p2

�
ð51Þ

whereG1;jðapÞ is defined in Eq. (45), and it depends on the
coefficients cn;i;j as outlined in Eq. (46). The coefficients
used in the above relation are listed in Tables XV and XVI
in Appendix B. The result for the Wilson gluon action
corresponds to the first line of each row in these tables and
is obtained using Eq. (51):

bð2Þg jWilson ¼
Nf

Nc

�
−0.0114014ð29Þ − 0.015674ð5Þcsw þ 0.0092076ð20Þc2sw þ 0.00035230ð5Þc3sw − 0.000000475ð4Þc4sw

þ
�
0.0767570ð8Þ þ 0.1104702ð14Þcsw − 0.0408221ð18Þc2sw þ 0.02123107ð7Þc3sw

� lnða2p2Þ
16π2

þ ð1− cswÞ
�
lnða2p2Þ
16π2

�
2
�

þNfNc

�
−0.005463ð5Þ þ 0.003539ð4Þcsw − 0.0019859ð13Þc2sw − 0.00011429ð12Þc3sw þ 0.000017174ð4Þc4sw

þ
�
−0.156047ð20Þ− 0.090502ð20Þcsw þ 0.066449ð5Þc2sw − 0.0175896599ð11Þc3sw

� lnða2p2Þ
16π2

þ ð1− cswÞ
�
lnða2p2Þ
16π2

�
2
�
þO

�
m2

q

p2

�
: ð52Þ
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Similarly, we can extract the result for the tree-level Symanzik gluon action, which is given by

bð2Þg jTLS ¼
Nf

Nc

�
−0.0051236ð24Þ − 0.013840ð4Þcsw þ 0.0083484ð19Þc2sw þ 0.00029588ð7Þc3sw − 0.000001975ð4Þc4sw

þ
�
0.0576153ð9Þ þ 0.0757940ð14Þcsw − 0.0367695ð17Þc2sw þ 0.01954606ð7Þc3sw

� lnða2p2Þ
16π2

þ ð1 − cswÞ
�
lnða2p2Þ
16π2

�
2
�

þ NfNc

�
−0.007598ð6Þ þ 0.003048ð6Þcsw − 0.002202ð5Þc2sw − 0.00002829ð13Þc3sw þ 0.0000156943ð35Þc4sw

þ
�
−0.130706ð33Þ − 0.056392ð19Þcsw þ 0.059879ð5Þc2sw − 0.0165255904ð23Þc3sw

� lnða2p2Þ
16π2

þ ð1 − cswÞ
�
lnða2p2Þ
16π2

�
2
�
þO

�
m2

q

p2

�
; ð53Þ

while for the Iwasaki gluon action, the second coefficient bð2Þg becomes

bð2Þg jIwasaki¼
Nf

Nc

�
0.0031399ð23Þ−0.0112507ð35Þcswþ0.0071443ð16Þc2swþ0.00021121ð5Þc3sw−0.0000035152ð33Þc4sw

þ
�
0.0370497ð14Þþ0.0368072ð15Þcsw−0.0295570ð18Þc2swþ0.01625262ð8Þc3sw

� lnða2p2Þ
16π2

þð1−cswÞ
�
lnða2p2Þ
16π2

�
2
�

þNfNc

�
−0.012841ð8Þþ0.001980ð9Þcsw−0.002891ð17Þc2swþ0.00013071ð11Þc3swþ0.0000129615ð31Þc4sw

þ
�
−0.09865ð8Þ−0.017291ð22Þcswþ0.048057ð5Þc2sw−0.01418348ð5Þc3sw

� lnða2p2Þ
16π2

þð1−cswÞ
�
lnða2p2Þ
16π2

�
2
�
þO

�
m2

q

p2

�
: ð54Þ

Note that in Eqs. (52)–(54) only the tree-level value of
csw contributes. Further contributions in these equations

arise from bð1Þg [Eq. (39)] once one inserts the perturbative
expansion for csw. For completeness, we present the one-
loop results for csw:

csw ¼ 1þ g20c
ð1Þ
sw ; ð55Þ

where the one-loop coefficients [22–25] (for Nc ¼ 3) are
given as

cð1Þsw ¼

8><
>:

0.26858825ð1Þ; Wilson;

0.19624449ð1Þ; TLS;

0.11300591ð1Þ; Iwasaki:

ð56Þ

Using these results for csw, the expression for bg for
Nc ¼ 3 [cf. Eqs. (1), (33)] becomes

bg ≡
8><
>:

Nfð0.012000ð1Þg20 − 0.020067ð20Þg40Þ; Wilson;

Nfð0.012000ð1Þg20 − 0.025347ð30Þg40Þ; TLS;

Nfð0.012000ð1Þg20 − 0.04201ð6Þg40Þ; Iwasaki;

ð57Þ
which no longer depends on the logarithmic terms, and
therefore is independent of the momentum p. Comparing
with the nonperturbative results of Ref. [4], we note that
there remains a pronounced difference, even when our two-
loop results are taken into account.

VI. CONCLUSIONS

In this work, we have conducted a perturbative study of
discretization effects proportional to the quark mass,
OðamqÞ, on the QCD β-function. Our analysis focuses
on computing the fermionic contribution to the renormal-
ization factor of the coupling constant, Zg, using clover
fermions and a family of Symanzik-improved gluons.
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To achieve this, we employ the background field method,
which allows us to relate the renormalization of the back-
ground field propagator (2-pt Green’s function) to Zg. We
compute all one-loop and two-loop Feynman diagrams that
include at least one fermion loop. From these contributions,

we determine the coefficients bð1Þg and bð2Þg , which are the
one- and two-loop corrections stemming from discretization
errors proportional to the quark mass.
Our results, which treat the number of colors (Nc) and

flavors (Nf) as free parameters, are particularly relevant for
lattice simulations involving heavy quarks, where large
values of amq introduce non-negligible lattice artifacts. Our
findings confirm that the inclusion of mass-dependent
corrections in the β-function is crucial for reducing these
effects and achieving controlled continuum extrapolations,
particularly in precision studies of the strong coupling
constant.
A natural extension of this work involves incorporating

stout-smeared links into the fermion action to reduce
discretization effects and statistical noise in simula-
tions. Additionally, we aim to compute contributions
from pure-gluon Feynman diagrams (νð2Þ) using the
Symanzik-improved gluon action. This will offer a more
comprehensive understanding of the coupling constant’s
running and play an important role in determining non-
perturbative quantities in lattice QCD.
Beyond these specific extensions, further generalizations

of our approach can be explored along similar lines.
This includes investigating alternative gauge actions and
fermion discretizations to evaluate their impact on renorm-
alization of the gauge coupling.
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APPENDIX A: MOMENTUM INTEGRATION

Let us briefly outline some characteristics of our pro-
cedure for integration over loop momenta. Standard rou-
tines for numerical integration cannot be directly applied
for a number of reasons, primarily stemming from the
presence of poles in the integrands. The poles are due not

only to the gluon massless propagators, but also to the
fermion propagators, given that the latter are Taylor
expanded with respect to the mass, leading to massless
denominators; in fact, Taylor expansion exacerbates further
this situation, leading to double-pole contributions from
fermion propagators.
Diagrams 1 and 2 (and similarly for diagrams 3 and 4) in

Fig. 2, taken separately, exhibit quadruple poles, due to the
presence of two gluon propagators with the same momen-
tum, and are thus infrared divergent. However, given that
each of these two pairs renormalizes the propagator of the
gluon which is attached to the inner fermion loop, gauge
invariance guarantees that combining the two diagrams
in each pair leads to only double poles, which are thus
integrable; this property, being valid for any value of the
fermion mass, will remain valid even after Taylor expand-
ing with respect to the mass. Thus, an appropriate combi-
nation of the integrands for each pair of diagrams is
performed before attempting numerical integration.
Having converted all integrands in the form of expres-

sions which contain at worst double poles, and are therefore
integrable, we apply a naïve discretization of the Brillouin
zone, in a way corresponding to a finite hypercubic lattice
of size L: i.e., for all eight components of the two
momentum four-vector dimensionless integration variables
p1 and p2, integration over the interval ½0; 2πÞ is con-
verted into a summation over the values pi;μ ¼ 2πj=
Lðj ¼ 0;…; L − 1Þ. Momentum values corresponding to
propagator poles: p1 ¼ 0, p2 ¼ 0 and/or p1 � p2 ¼ 0 are
excluded from the summation. This procedure will lead to
the exact result when extrapolated to an infinite lattice,
L → ∞; see below for a description of the extrapolation
method and the estimate of its associated error. Note in
passing that, for finite L, this procedure is not equivalent to
finite-lattice perturbation theory, because zero modes, and
their associated non-Gaussian functional integration, are
simply left out.
Having cast the momentum integrals in the form of

eightfold nested sums, a number of essential simplifications
must be effected before carrying out the summations:
First, all trigonometric functions forming the integrands

can now be preevaluated, since their arguments only take a
finite, and very limited, set of values. This feature, which is
not directly applicable in adaptive algorithms, reduces
execution time significantly.
Second, by virtue of a number of potential symmetries,

such as reflections and changing the order of nested sums,
the size of the integrands is reduced and the domain of
summation is shrunk to a small hypertriangular region of the
original domain. (A small complication for finite lattices is
that the boundaries of this region are sets of nonzero
measure, and must therefore be properly accounted for.)
Third, typical integrands contain sums of ∼106 terms

(summands). Each summand is a product of trigonometric
factors and each such factor may depend on some, or all,
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of the eight momentum components. A substantial opti-
mization is obtained by organizing the summands in an
inverse tree structure: that is, summands whose dependence
on the innermost summation index is contained inside an
identical factor are grouped together, so that the factor need
be evaluated only once; the same procedure is applied
iteratively to outer summations. In this way, innermost
summations (the most CPU intensive ones) contain typi-
cally only ∼102 terms, with a resultant significant reduction
in CPU time.
We have incorporated the above optimizations in a

metacodewhich converts the originalMathematica expres-
sions to Fortran (or C) code for the evaluation of each
diagram at various values of L.
Once results are obtained for several hypercubic lattice

sizes L4 (typically up to L ¼ 32 is sufficient), they must be
extrapolated to L → ∞. Extrapolation to infinite lattice size
is of course a source of systematic error, indeed the only
such source. To estimate this error, we proceed as follows:
First, different extrapolations of our numerical results, the
latter generically denoted as rL, are performed using a
broad spectrum of functional forms fkðLÞ (around 20 of
them) of the type

fkðLÞ ¼
X
i;j

eðkÞi;j L
−iðlnLÞj: ðA1Þ

These forms encode the expected large-L behavior of
lattice sums (see, e.g., [26]). A total of Nk coefficients

(eðkÞi;j ) appear in the kth functional form; these coefficients

are determined uniquely using the results on Nk lattices of
consecutive size L.
For the kth such extrapolation, a deviation dk is cal-

culated using a range of criteria for quality of fit. One
possible criterion, as an example, is the difference: dk ¼
jfkðL�Þ − rL� j, where L� is the largest lattice size which

was not used in the determination of eðkÞi;j . Finally, these
deviations are used to assign weights (“grades”)
d−2k =ðPk d

−2
k Þ to each extrapolation; averaging over all

extrapolations eðkÞ0;0 with these weights produces a final
value for r∞, together with the error estimate. We can check
the reliability of our error estimates in a number of ways: In
those cases where the result for a diagram is also known
analytically, this result coincides with the numerical one
within the systematic error; also, extrapolations which
incorporate new data from larger lattices are compatible
with previous results, again within systematic error.
For the computation at hand, the above procedure for

loop integration was carried out on ∼500 CPU cores of the
HPC facility at the University of Cyprus, and required a
total of ∼106 CPU hours for completion.

APPENDIX B: TABLES

The coefficients cn;i;j for each diagram are presented in
the following tables. For notation, see Eqs. (45) and (46).
Diagrams not included in these tables give vanishing
contributions. Each row contains three values correspond-
ing to different Symanzik-improved actions: the Wilson
action (top line), the tree-level Symanzik action (middle
line), and the Iwasaki action (bottom line).

TABLE II. Coefficients c
ð−1;kÞ
0;0;j .

j cð−1;0Þ0;0;j cð−1;1Þ0;0;j cð−1;2Þ0;0;j

5þ 6þ 7 −0.0038889ð7Þ 0.00189353(20) 0.0001186798(35)
−0.0029436ð7Þ 0.00168290(16) 0.0001045679(33)
−0.0016175ð6Þ 0.00131969(7) 0.000078574(4)

8þ 9þ 10 0.00280141(14) −0.00172238ð23Þ −0.0000424385ð31Þ
0.00231537(11) −0.00153316ð20Þ −0.0000417397ð30Þ
0.00156273(4) −0.00120639ð14Þ −0.0000349575ð14Þ

12 0.00022981(15) −0.0000802ð5Þ 0
−0.000101289ð23Þ −0.0000677ð4Þ 0
−0.0005336ð5Þ −0.00004800ð35Þ 0

14 0.00316443073(21) 0 0
0.00262027066(18) 0 0
0.00193541596(13) 0 0

16 −0.0006100ð8Þ −0.0001310ð5Þ −0.00007620ð17Þ
−0.0006319ð5Þ −0.0001157ð4Þ −0.00006281ð18Þ
−0.0006463ð6Þ −0.00008934ð31Þ −0.00004359ð21Þ

(Table continued)
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TABLE II. (Continued)

j cð−1;0Þ0;0;j cð−1;1Þ0;0;j cð−1;2Þ0;0;j

18 −0.00050773ð6Þ 0 0
−0.00049253ð6Þ 0 0
−0.00043479ð6Þ 0 0

19 0.00039280(6) 0.000040203(15) 0
0.00054317(7) 0.000033948(12) 0
0.00070176(9) 0.000024069(9) 0

20 −0.00158227ð5Þ 0 0
−0.00131017ð4Þ 0 0

−0.000967735ð27Þ 0 0

TABLE III. Coefficients c
ð−1;kÞ
0;1;j .

j cð−1;0Þ0;1;j cð−1;1Þ0;1;j cð−1;2Þ0;1;j

5þ 6þ 7 0.0093260(13) −0.00291618ð30Þ −0.000234681ð10Þ
0.0071279(12) −0.0026423ð5Þ −0.000221480ð12Þ
0.0040875(10) −0.0021453ð4Þ −0.000184887ð15Þ

8þ 9þ 10 −0.0076049ð7Þ 0.00153127(4) −0.000002757ð4Þ
−0.0061647ð5Þ 0.001419222(31) 0.000019165(9)
−0.0041065ð5Þ 0.00119797(7) 0.000039129(8)

12 −0.0000539ð8Þ 0.0006100(11) 0
0.00044375(28) 0.0005123(10) 0
0.0011289(5) 0.0003603(8) 0

14 −0.00509976855ð25Þ 0 0
−0.00422280501ð21Þ 0 0
−0.00311909924ð16Þ 0 0

16 0.0008565(24) 0.0010797(30) 0.0002370(4)
0.0009288(20) 0.0009672(30) 0.0002023(4)
0.0010164(25) 0.0007670(29) 0.0001460(4)

18 0.00057224(6) 0 0
0.00056020(6) 0 0

0.000485524(31) 0 0

19 −0.00054513ð7Þ −0.00030519ð20Þ 0
−0.00078195ð10Þ −0.00025635ð16Þ 0
−0.00105013ð9Þ −0.00018026ð11Þ 0

20 0.00255002(30) 0 0
0.00211152(26) 0 0
0.00155963(19) 0 0

TABLE IV. Coefficients c
ð1;kÞ
0;0;j .

j cð1;0Þ0;0;j cð1;1Þ0;0;j cð1;2Þ0;0;j

1þ 2 −0.0020082ð11Þ 0.00022193(21) −0.0028072ð12Þ
−0.0022026ð10Þ 0.00023620(19) −0.0030422ð11Þ
−0.0024047ð6Þ 0.00025562(14) −0.0033149ð8Þ

3þ 4 0.00145603(19) −0.000215063ð30Þ 0.00238751(11)
0.00146733(19) −0.000220718ð28Þ 0.00254495(29)
0.00145912(19) −0.000220758ð9Þ 0.0025644(4)

(Table continued)
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TABLE IV. (Continued)

j cð1;0Þ0;0;j cð1;1Þ0;0;j cð1;2Þ0;0;j

5þ 6þ 7 0.0038889(7) −0.00189353ð20Þ −0.0001186798ð35Þ
0.0029436(7) −0.00168290ð16Þ −0.0001045679ð33Þ
0.0016175(6) −0.00131969ð7Þ −0.000078574ð4Þ

8þ 9þ 10 −0.00280141ð14Þ 0.00172238(23) 0.0000424385(31)
−0.00231537ð11Þ 0.00153316(20) 0.0000417397(30)
−0.00156273ð4Þ 0.00120639(14) 0.0000349575(14)

11 0 −0.0000573ð4Þ 0.0009552(14)
0.000157315(13) −0.0000646ð4Þ 0.0011115(14)
0.000330707(26) −0.0000792ð4Þ 0.0016031(14)

12 −0.00011491ð7Þ 0.00029885(28) 0.00026804(9)
0.000050644(12) 0.00026594(28) 0.00024220(9)
0.00026682(23) 0.00021724(26) 0.00018887(6)

14 −0.00316443073ð21Þ 0 0
−0.00262027066ð18Þ 0 0
−0.00193541596ð13Þ 0 0

15 0.0011051(28) 0.0000436(9) −0.00011562ð16Þ
0.0013138(29) 0.0000337(10) −0.00011661ð15Þ
0.0015592(34) 0.0000094(12) −0.00010168ð14Þ

18 0.00045024(4) 0.0000402030(29) −0.0077682ð9Þ
0.00043918(4) 0.0000353047(26) −0.0064232ð8Þ
0.00040291(4) 0.0000274085(20) −0.0046228ð6Þ

19 −0.00039280ð6Þ −0.000160812ð12Þ 0.0071560(5)
−0.00054317ð7Þ −0.000135791ð10Þ 0.0057458(4)
−0.00070176ð9Þ −0.000096275ð7Þ 0.00372632(30)

20 0.00158227(5) 0 0
0.00131017(4) 0 0

0.000967735(27) 0 0

TABLE V. Coefficients c
ð1;kÞ
0;1;j .

j cð1;0Þ0;1;j cð1;1Þ0;1;j cð1;2Þ0;1;j

1þ 2 0.0038168(26) −0.0017134ð28Þ 0.00060610(29)
0.0041574(25) −0.0018097ð26Þ 0.00065729(27)
0.0045263(22) −0.0019482ð22Þ 0.00071661(19)

3þ 4 −0.00297502ð18Þ 0.00165076(33) −0.00048649ð8Þ
−0.00299543ð19Þ 0.0016997(4) −0.00052973ð9Þ
−0.00296564ð21Þ 0.0017142(4) −0.00054116ð10Þ

5þ 6þ 7 −0.0093260ð13Þ 0.00291618(30) 0.000234681(10)
−0.0071279ð12Þ 0.0026423(5) 0.000221480(12)
−0.0040875ð10Þ 0.0021453(4) 0.000184887(15)

8þ 9þ 10 0.0076049(7) −0.00153127ð4Þ 0.000002757(4)
0.0061647(5) −0.001419222ð31Þ −0.000019165ð9Þ
0.0041065(5) −0.00119797ð7Þ −0.000039129ð8Þ

11 0 0.00053259(6) −0.00022873ð21Þ
−0.000249029ð26Þ 0.00057339(6) −0.00025542ð21Þ
−0.00052711ð5Þ 0.00066218(9) −0.0003586ð5Þ

(Table continued)
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TABLE V. (Continued)

j cð1;0Þ0;1;j cð1;1Þ0;1;j cð1;2Þ0;1;j

12 0.0000269(4) −0.00236349ð11Þ −0.0004656ð8Þ
−0.00022187ð14Þ −0.00209473ð19Þ −0.0004043ð7Þ
−0.00056446ð25Þ −0.00170194ð28Þ −0.0003003ð6Þ

14 0.00509976855(25) 0 0
0.00422280501(21) 0 0
0.00311909924(16) 0 0

15 −0.001684ð6Þ −0.0004072ð32Þ −0.00000900ð23Þ
−0.002074ð6Þ −0.000353ð4Þ 0
−0.002592ð6Þ −0.000194ð4Þ 0.00000896(22)

18 −0.000558677ð18Þ −0.00030519ð4Þ 0.0022034(4)
−0.000546553ð5Þ −0.000264678ð34Þ 0.00180793(29)
−0.000504270ð6Þ −0.000201129ð25Þ 0.00127506(20)

19 0.00054513(7) 0.00122076(16) −0.0018550ð5Þ
0.00078195(10) 0.00102539(13) −0.00147783ð35Þ
0.00105013(9) 0.00072102(9) −0.00094452ð22Þ

20 −0.00255002ð30Þ 0 0
−0.00211152ð26Þ 0 0
−0.00155963ð19Þ 0 0

TABLE VI. Coefficients c
ð−1;kÞ
4;0;j .

j cð−1;0Þ4;0;j cð−1;1Þ4;0;j cð−1;2Þ4;0;j cð−1;3Þ4;0;j cð−1;4Þ4;0;j

3þ 4 0.00069295(5) −0.0000201015ð15Þ 0.00059633(5) 0 0
0.000109289(11) 0.00000432917(25) −0.0000204284ð22Þ 0 0
−0.000372439ð27Þ 0.0000351782(10) −0.00061565ð6Þ 0 0

5þ 6þ 7 0.0012100(4) −0.00126395ð26Þ 0.00264223(26) −0.000499707ð31Þ −0.000043829ð4Þ
0.00089239(33) −0.00108669ð21Þ 0.00208698(22) −0.000429778ð30Þ −0.0000380007ð32Þ
0.00045383(23) −0.00080328ð13Þ 0.00136482(17) −0.000317099ð33Þ −0.0000278527ð24Þ

12 −0.00011586ð4Þ 0.000186623(13) 0.0000059016(14) 0 0
−0.00000559ð4Þ 0.000143805(16) 0.0000046789(11) 0 0
0.000151014(25) 0.000073876(9) 0.0000029442(7) 0 0

14 −0.00106378758ð4Þ 0.000826315389(28) −0.00746086682ð16Þ 0 0
−0.000880857132ð34Þ 0.000623967525(24) −0.00546527413ð13Þ 0 0
−0.000650629333ð25Þ 0.000384844011(18) −0.00313752882ð10Þ 0 0

16 0.0020710(5) 0.0053702(16) −0.0016253ð5Þ 0.000166547(11) −0.0000381711ð31Þ
0.0011507(5) 0.0046775(15) −0.0014058ð4Þ 0.000146814(9) −0.0000308278ð24Þ
−0.0001761ð4Þ 0.0037166(12) −0.00108699ð33Þ 0.000113649(6) −0.0000202313ð14Þ

18 0.000108788(6) 0 0 0 0
0.000105420(5) 0 0 0 0
0.000095401(7) 0 0 0 0

19 0 0.0000201015(12) −0.00119266ð7Þ 0 0
0 0.0000169738(10) −0.00095763ð6Þ 0 0
0 0.0000120343(7) −0.00062105ð4Þ 0 0
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TABLE VII. Coefficients c
ð−1;kÞ
4;1;j .

j cð−1;0Þ4;1;j cð−1;1Þ4;1;j cð−1;2Þ4;1;j cð−1;3Þ4;1;j cð−1;4Þ4;1;j

3þ 4 −0.00113873ð15Þ 0.000152595(20) −0.00015458ð4Þ 0 0
−0.000153849ð19Þ −0.0000298762ð19Þ 0.00000108952(17) 0 0
0.00068827(8) −0.000256895ð16Þ 0.000143724(28) 0 0

5þ 6þ 7 −0.0036156ð13Þ 0.0047311(6) −0.00148909ð21Þ 0.000280350(33) −0.000017174ð4Þ
−0.0027096ð11Þ 0.00392013(18) −0.00127503ð20Þ 0.00023125(5) −0.0000156943ð35Þ
−0.0014840ð8Þ 0.00273999(31) −0.00099593ð25Þ 0.00016039(4) −0.0000129615ð31Þ

12 0.00003208(5) −0.00037763ð16Þ 0.00008612(13) 0 0
−0.00016569ð6Þ −0.00022383ð4Þ 0.00007138(12) 0 0
−0.00045518ð6Þ 0.000004225(31) 0.00004785(11) 0 0

14 0.00211357914(13) −0.00365949362ð15Þ 0.00176668007(6) 0 0
0.00175012503(11) −0.00276335794ð12Þ 0.00129413795(5) 0 0
0.00129269848(8) −0.00170435438ð9Þ 0.00074294446(4) 0 0

16 −0.0086414ð26Þ −0.016368ð5Þ 0.0086893(20) 0.00007195(4) 0.0000166996(23)
−0.0036992ð21Þ −0.014615ð4Þ 0.0080105(18) 0.00006463(4) 0.0000137191(26)
0.0032268(21) −0.0119436ð35Þ 0.0070482(16) 0.000050824(31) 0.0000094464(11)

18 −0.000151344ð20Þ 0 0 0 0
−0.000145358ð19Þ 0 0 0 0
−0.000128649ð17Þ 0 0 0 0

19 0 −0.000152595ð16Þ 0.00030916(6) 0 0
0 −0.000128174ð13Þ 0.00024631(5) 0 0
0 −0.000090128ð8Þ 0.000157421(29) 0 0

TABLE VIII. Coefficients c
ð1;kÞ
4;0;j .

j cð1;0Þ4;0;j cð1;1Þ4;0;j cð1;2Þ4;0;j cð1;3Þ4;0;j cð1;4Þ4;0;j

1þ 2 −0.0010903ð6Þ 0.00007742(9) −0.0014856ð5Þ 0 0
−0.0009526ð6Þ 0.00006439(9) −0.0013209ð5Þ 0 0
−0.0007641ð5Þ 0.00004030(7) −0.00105896ð30Þ 0 0

3þ 4 −0.00074284ð11Þ 0.0000377508(29) −0.00074562ð7Þ 0 0
−0.000130647ð20Þ −0.0000017160ð7Þ −0.000056858ð11Þ 0 0
0.00049279(7) −0.000066534ð9Þ 0.00078204(11) 0 0

5þ 6þ 7 −0.0012100ð4Þ 0.00126395(26) −0.00264223ð26Þ 0.000499707(31) 0.000043829(4)
−0.00089239ð33Þ 0.00108669(21) −0.00208698ð22Þ 0.000429778(30) 0.0000380007(32)
−0.00045383ð23Þ 0.00080328(13) −0.00136482ð17Þ 0.000317099(33) 0.0000278527(24)

11 0.0000690696(32) 0.000040123(19) −0.00055809ð9Þ 0 0
0.0000694665(25) 0.000041335(12) −0.00052884ð9Þ 0 0
0.000069021(7) 0.000043270(26) −0.00052731ð19Þ 0 0

12 0.000057929(19) −0.00022232ð10Þ −0.0001601650ð29Þ −0.0000140519ð33Þ 0
0.000002797(22) −0.00015567ð8Þ −0.000114738ð7Þ −0.0000146039ð33Þ 0
−0.000075507ð12Þ −0.00007059ð5Þ −0.000062081ð25Þ −0.0000135287ð29Þ 0

14 0.00106378758(4) −0.000939614357ð27Þ 0.00880084109(16) 0 0
0.000880857132(34) −0.000753148083ð23Þ 0.00699307822(13) 0 0
0.000650629333(25) −0.000524268946ð17Þ 0.00478649205(10) 0 0

15 0.0029688(18) 0.0006307(9) −0.00027922ð31Þ −0.000149584ð28Þ 0
0.0040253(19) 0.0007783(10) 0.00004701(28) −0.00014563ð5Þ 0
0.0068251(27) 0.0011528(9) 0.0011132(4) −0.00014517ð10Þ 0

(Table continued)
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TABLE VIII. (Continued)

j cð1;0Þ4;0;j cð1;1Þ4;0;j cð1;2Þ4;0;j cð1;3Þ4;0;j cð1;4Þ4;0;j

17 0 −0.00016956ð8Þ 0.00200515(32) 0 0
0 −0.00014250ð8Þ 0.00168484(34) 0 0
0 −0.00010318ð8Þ 0.0012198(4) 0 0

18 −0.000088930ð22Þ 0.0000004360(6) −0.000170561ð22Þ 0 0
−0.000087444ð22Þ 0.0000005690(6) −0.000111322ð10Þ 0 0
−0.000082212ð21Þ 0.0000010483(6) −0.000102964ð11Þ 0 0

19 0 −0.0000050254ð4Þ 0.000298165(23) 0 0
0 −0.00000424346ð31Þ 0.000239407(19) 0 0
0 −0.00000300858ð21Þ 0.000155263(12) 0 0

TABLE IX. Coefficients c
ð1;kÞ
4;1;j .

j cð1;0Þ4;1;j cð1;1Þ4;1;j cð1;2Þ4;1;j cð1;3Þ4;1;j cð1;4Þ4;1;j

1þ 2 0.0022779(19) −0.0011826ð14Þ 0.00025340(12) 0 0
0.0020174(21) −0.0010873ð15Þ 0.00021920(13) 0 0
0.0016425(23) −0.0009012ð16Þ 0.00016564(7) 0 0

3þ 4 0.00127531(27) −0.00028828ð6Þ 0.00018090(4) 0 0
0.00019508(8) 0.0000162243(30) 0.0000173368(18) 0 0
−0.00098527ð9Þ 0.000537723(21) −0.000171132ð33Þ 0 0

5þ 6þ 7 0.0036156(13) −0.0047311ð6Þ 0.00148909(21) −0.000280350ð33Þ 0.000017174(4)
0.0027096(11) −0.00392013ð18Þ 0.00127503(20) −0.00023125ð5Þ 0.0000156943(35)
0.0014840(8) −0.00273999ð31Þ 0.00099593(25) −0.00016039ð4Þ 0.0000129615(31)

11 −0.000105343ð12Þ −0.0002971ð4Þ 0.00015842(5) 0 0
−0.000107988ð4Þ −0.0003025ð4Þ 0.00014435(6) 0 0
−0.000111859ð15Þ −0.00031521ð34Þ 0.00013708(8) 0 0

12 −0.000016042ð26Þ 0.00083334(26) −0.00000058ð19Þ −0.00000181ð12Þ 0
0.000082843(29) 0.00064044(24) −0.00002039ð18Þ 0.00000152(11) 0
0.000227590(28) 0.00038125(23) −0.00005439ð18Þ 0.00000589(9) 0

14 −0.00211357914ð13Þ 0.00416125932(15) −0.00208397640ð6Þ 0 0
−0.00175012503ð11Þ 0.00333545827(12) −0.00165591105ð5Þ 0 0
−0.00129269848ð8Þ 0.00232182387(9) −0.00113340718ð4Þ 0 0

15 −0.010179ð5Þ 0.003975(4) −0.0013517ð12Þ 0.000167869(18) 0
−0.010526ð5Þ 0.003424(6) −0.001634ð5Þ 0.000201442(28) 0
−0.013580ð8Þ 0.001941(9) −0.002431ð17Þ 0.00028520(5) 0

17 0 0.0007509(4) −0.00047487ð15Þ 0 0
0 0.0006310(4) −0.00039904ð15Þ 0 0
0 0.0004569(5) −0.00028895ð16Þ 0 0

18 0.000128347(32) −0.0000039282ð15Þ 0.000010186(8) 0 0
0.000126678(32) −0.0000045205ð8Þ 0.0000025432(30) 0 0
0.000120257(31) −0.0000076210ð18Þ 0.000017301(8) 0 0

19 0 0.000038149(5) −0.000077290ð19Þ 0 0
0 0.000032044(4) −0.000061576ð15Þ 0 0
0 0.0000225319(27) −0.000039355ð9Þ 0 0
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TABLE X. Coefficients c
ð−1;kÞ
3;0;j , r ¼ 1.

j cð−1;0Þ3;0;j cð−1;1Þ3;0;j cð−1;2Þ3;0;j

5þ 6þ 7 −0.04370491067ð1Þ 0.00949408(1) 0.00589886(1)
−0.02841748010ð1Þ 0.00850855(1) 0.00524423(1)
−0.00770276157ð1Þ 0.00675901(1) 0.0041086(1)

12 0.00528244554(15) −0.01449434464ð6Þ 0
−0.00015727738ð17Þ −0.01261049781ð6Þ 0
−0.00813690678ð30Þ −0.00951504612ð12Þ 0

14 0.051644463(1) 0 0
0.042763607(1) 0 0
0.031586572(1) 0 0

16 −0.019554572ð13Þ 0.005000258(35) −0.00589887ð4Þ
−0.020521423ð13Þ 0.004101944(27) −0.00524423ð4Þ
−0.022079477ð25Þ 0.002756031(20) −0.00410860ð4Þ

TABLE XI. Coefficients c
ð−1;kÞ
3;1;j .

j cð−1;0Þ3;1;j cð−1;1Þ3;1;j cð−1;2Þ3;1;j cð−1;3Þ3;1;j

5þ 6þ 7 0.21587753242(1) −0.24558874ð1Þ −0.057594788ð1Þ 0.02643796(1)
0.15018204843(1) −0.18225250ð1Þ −0.051609539ð1Þ 0.024391931(1)
0.06337224167(1) −0.096343704ð1Þ −0.041069233ð1Þ 0.020346379(1)

12 −0.01883007542ð14Þ 0.06150748172(8) −0.02174151702ð13Þ 0
−0.0037152229ð6Þ 0.0464924430(6) −0.01891574666ð11Þ 0
0.02001163378(28) 0.02318904363(19) −0.014272569341ð18Þ 0

14 −0.15493390ð1Þ 0.32746670(1) 0 0
−0.12829082ð1Þ 0.24727675(1) 0 0
−0.094759716ð1Þ 0.15251271(1) 0 0

16 0.0346429(8) −0.0329152ð14Þ 0.0385142(18) −0.00520689ð7Þ
0.0394393(9) −0.0357226ð14Þ 0.0337558(17) −0.00484587ð7Þ
0.0484256(14) −0.0425509ð15Þ 0.0257848(18) −0.00409376ð8Þ

TABLE XII. Coefficients c
ð1;kÞ
3;0;j .

j cð1;0Þ3;0;j cð1;1Þ3;0;j cð1;2Þ3;0;j

1þ 2 0.0813261088(8) −0.0252335742ð7Þ 0.14921733618(35)
0.0813261088(8) −0.0252335742ð7Þ 0.14921733618(35)
0.0813261088(8) −0.0252335742ð7Þ 0.14921733618(35)

5þ 6þ 7 0.04370491067(1) −0.00949408ð1Þ −0.00589886ð1Þ
0.02841748010(1) −0.00850855ð1Þ −0.00524423ð1Þ
0.00770276157(1) −0.00675901ð1Þ −0.0041086ð1Þ

11 0 0.002523357011(34) −0.02984346720ð4Þ
0 0.002523357011(34) −0.02984346720ð4Þ
0 0.002523357011(34) −0.02984346720ð4Þ

12 −0.00264122277ð7Þ −0.005000260418ð22Þ 0.010528965436(18)
0.00007863869(8) −0.005199568630ð25Þ 0.00975201723(8)
0.00406845339(15) −0.00491505806ð32Þ 0.008155014073(31)

14 −0.0516445ð1Þ 0 0
−0.0427636ð1Þ 0 0
−0.0315866ð1Þ 0 0

(Table continued)
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TABLE XII. (Continued)

j cð1;0Þ3;0;j cð1;1Þ3;0;j cð1;2Þ3;0;j

15 −0.051745ð6Þ 0.02711097(29) −0.004630101ð5Þ
−0.048058ð7Þ 0.0263247(4) −0.004507790ð11Þ
−0.042509ð8Þ 0.0242905(8) −0.00404642ð30Þ

17 0 0.0100951(27) −0.119379ð10Þ
0 0.0100951(27) −0.119379ð10Þ
0 0.0100951(27) −0.119379ð10Þ

TABLE XIII. Coefficients c
ð1;kÞ
3;1;j .

j cð1;0Þ3;1;j cð1;1Þ3;1;j cð1;2Þ3;1;j cð1;3Þ3;1;j

1þ 2 −0.174414004ð5Þ 0.1497470687(9) −0.03533360140ð4Þ 0
−0.174414004ð5Þ 0.1497470687(9) −0.03533360140ð4Þ 0
−0.174414004ð5Þ 0.1497470687(9) −0.03533360140ð4Þ 0

5þ 6þ 7 −0.21587753242ð1Þ 0.245589(1) 0.0575948(1) −0.026438ð1Þ
−0.15018204843ð1Þ 0.182253(1) 0.0516095(1) −0.0243919ð1Þ
−0.06337224167ð1Þ 0.0963437(1) 0.0410692(1) −0.0203464ð1Þ

11 0 −0.00167630123ð4Þ 0.007066720288(32) 0
0 −0.00167630123ð4Þ 0.007066720288(32) 0
0 −0.00167630123ð4Þ 0.007066720288(32) 0

12 0.00941503771(7) −0.00741987168ð7Þ −0.043181620961ð25Þ 0.015793448154(27)
0.00185761146(29) 0.0014624225(4) −0.0408514560ð5Þ 0.01462802585(8)
−0.01000581689ð14Þ 0.01435074267(33) −0.03504827712ð25Þ 0.01223252112(9)

14 0.154933(1) −0.372367ð1Þ 0 0
0.128291(1) −0.298471ð1Þ 0 0
0.0947597(1) −0.207766ð1Þ 0 0

15 0.044566(20) 0.0328527(13) 0.05203333(23) −0.0069451508ð11Þ
0.038412(33) 0.0367891(11) 0.04911856(31) −0.0067616854ð23Þ
0.02905(8) 0.0426235(30) 0.0420334(6) −0.00606963ð5Þ

17 0 −0.111897ð20Þ 0.028270(5) 0
0 −0.101166ð19Þ 0.028270(5) 0
0 −0.085583ð22Þ 0.028270(5) 0

TABLE XIV. Coefficients c
ðl;kÞ
2;i;j , r ¼ 1.

j cð−1;0Þ2;0;j cð−1;0Þ2;1;j cð−1;1Þ2;1;j cð1;0Þ2;0;j cð1;0Þ2;1;j cð1;1Þ2;1;j

1þ 2 0 0 0 − 5
3

5 −5
0 0 0 − 5

3
5 −5

0 0 0 − 5
3

5 −5
5þ 6þ 7 − 1

3
1 0 1

3
−1 0

− 1
3

1 0 1
3

−1 0

− 1
3

1 0 1
3

−1 0

11 0 0 0 0 0 1
2

0 0 0 0 0 1
2

0 0 0 0 0 1
2

(Table continued)

TABLE XIV. (Continued)

j cð−1;0Þ2;0;j cð−1;0Þ2;1;j cð−1;1Þ2;1;j cð1;0Þ2;0;j cð1;0Þ2;1;j cð1;1Þ2;1;j

12 0 0 0 0 0 1
0 0 0 0 0 1
0 0 0 0 0 1

15 0 0 0 4
3

−3 − 3
2

0 0 0 4
3

−3 − 3
2

0 0 0 4
3

−3 − 3
2

16 1
3

0 −1 0 0 0
1
3

0 −1 0 0 0
1
3

0 −1 0 0 0

17 0 0 0 0 0 4
0 0 0 0 0 4
0 0 0 0 0 4
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