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Using N = 1 supersymmetric QCD (SQCD) as a prototype model, this work presents a formulation
of overlap quarks and gluinos on the lattice, with particular emphasis on the construction of chirally
symmetric Yukawa terms. By incorporating the Ginsparg-Wilson relation, chiral transformations, and the
Majorana condition for gluinos, we construct a consistent framework that preserves a lattice-modified

chiral symmetry and reduces the number of required counterterms compared to Wilson-type discretiza-

tions. The formulation introduces auxiliary fermionic fields to realize exact chiral symmetry in Yukawa

interactions and enables a detailed analysis of the resulting matrix structures. Upon functionally integrating
out the auxiliary fields, ultralocal interaction terms emerge as new contributions to the lattice action. This
approach provides a robust foundation for nonperturbative lattice studies of supersymmetric gauge

theories. Future work will focus on computing all perturbative fine-tunings required in this formulation to
enable continuum matching and numerical simulations of SQCD.
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I. INTRODUCTION

Lattice formulations of quantum field theories (QFTs)
have been instrumental in the nonperturbative study of
strong interactions, providing a well-defined framework [1]
for investigating gauge theories beyond perturbation
theory. In particular, overlap fermions implement an exact
lattice realization of chiral symmetry via the Ginsparg-
Wilson relation [2], making them especially valuable for
studying theories with massless fermions. This exact chiral
symmetry on the lattice prevents additive mass renormal-
ization for fermions and simplifies the renormalization of
conserved currents, thereby reducing the number of fine-
tuned parameters required in numerical simulations of
QFTs. Although the overlap fermion action is not ultra-
local, it avoids the fermion doubling problem while
preserving the locality of the theory, in accordance with
the constraints of the Nielsen-Ninomiya theorem [3].

Formulating a supersymmetric QFT on the lattice presents
several challenges [4-7], particularly in preserving
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supersymmetry (SUSY) while maintaining gauge invari-
ance. A particular challenge, related to the inclusion of
gluinos, squarks and quarks, regards the explicit breaking
of chiral symmetry in Wilson-type fermion formulations.
In this work, we examine the formulation of the AV =1
supersymmetric QCD (SQCD) action, with N, quark flavors
and color group SU(N ), using the overlap Dirac operator in
the adjoint representation for the gluino fields and in the
fundamental representation for the quark fields. We also
incorporate quark mass terms in order to investigate their
impact on the restoration of supersymmetry in lattice
formulations of SQCD. Our analysis focuses on the extent
to which the overlap formulation, which satisfies the
Ginsparg-Wilson relation and suppresses chiral symmetry
breaking, can improve the realization of supersymmetry on
the lattice.

The Wilson formulation of SQCD on the lattice intro-
duces several undesirable features that complicate the
restoration of supersymmetry in the continuum limit.
The Wilson term explicitly breaks chiral symmetry, leading
to mixing between the squark components A, and A_,
defined in Sec. II, which must be disentangled through
finite renormalization. In addition, both quark and squark
fields receive additive mass renormalizations which are
power-divergent, requiring a problematic fine-tuning of
their respective critical masses. A critical mass term for the
gluino also emerges. Moreover, a second Yukawa term
appears at the quantum level, that is not chirally invariant,
and ten independent quartic scalar couplings are generated,
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some of which lack a chirally invariant structure. Given the
rather generic nature of these complications, SQCD con-
stitutes a highly valuable prototype for lattice studies of
supersymmetric theories. It captures the essential structural
elements and fine-tuning requirements present in more
general nonchiral SUSY models, including gauge, matter,
and scalar interactions. As such, it provides a practical and
informative testbed for developing and validating lattice
formulations of supersymmetry.

One key advantage of the overlap formulation is the
suppression of some explicit SUSY-breaking terms induced
by the Wilson term. Unlike Wilson fermions, where the
massless limit requires intricate fine-tuning, overlap fer-
mions naturally retain chiral symmetry at finite lattice
spacing, reducing the number of required counterterms [8].
In this sense, overlap fermions exhibit reduced explicit
SUSY violations, and this property makes them particularly
well-suited for simulations of SQCD. Furthermore, overlap
fermions naturally accommodate topological effects, which
may play a crucial role in exploring vacuum structures in
supersymmetric gauge theories.

However, there are computational challenges in evalu-
ating the overlap Dirac operator in simulations, as this
requires approximating the matrix sign function of the
Wilson-Dirac kernel to high precision. This step is com-
putationally expensive, and the necessary accuracy must be
established empirically in practical simulations. Techniques
such as low-mode deflation and rational or polynomial
approximations can substantially reduce the cost. The
exponential locality of the overlap Dirac operator may
deteriorate at coarse lattice spacings or strong coupling, but
improved kernel choices and link smearing (“fat links”)
can help restore locality. At the perturbative level, the
overlap Dirac operator introduces additional nontrivial
vertices compared to the Wilson formulation, thereby

|
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increasing the complexity of analytic calculations,
although they remain systematically tractable. For some
of the difficulties in implementing the overlap action for
Majorana fermions in pure supersymmetric Yang-Mills
theory, see Ref. [9]. Introducing also overlap quarks
entails numerical complications which have been exten-
sively addressed in nonsupersymmetric QCD. A new
aspect in SQCD is the presence of auxiliary fields, which
need to be introduced in order to preserve chiral symmetry
(see Sec. III); however, functional integration over these
fields is an ultralocal operation, and thus presents no
significant computational overhead.

This paper is organized as follows. In Sec. II we present
the continuum action for SQCD, while in Sec. III we
implement the overlap action in its lattice formulation.
Subsection III A presents the construction of a chirally
invariant Yukawa term on the lattice, respecting the
representation structure of the color group SU(N.),
and preserving the lattice-modified chiral symmetry.
Subsections III B and III C study in more detail the one-
flavor case and the perturbative setup, respectively. Lastly,
in Sec. IV we summarize our findings and discuss future
investigations of this formulation of the lattice action.

II. SUPERSYMMETRIC QCD IN THE CONTINUUM

In the Wess-Zumino (WZ) gauge [10,11], the SQCD
action contains the following fields: the gluon together with
the gluino; and for each quark flavor, a Dirac fermion
(quark) and two squarks. In the following we briefly define
our notation. Although the action of SQCD used in this
calculation can be found in literature, e.g., in Refs. [12—14],
we present it here for completeness’ sake; in the continuum
and in Minkowski space, the action of SQCD is

1 i _ ,
Ssocp = / d*x {_Z U, U %l"y”Dﬂia - DA DA, — D,A_DFAT + ipy* D,y

— iV2g(AT TPy — yP_2*T*A, + A_I*T*P_y — P, A°T*AL)

1, .
-5 FALT AL — A_T*AT)? + m(py —mAT A, —mA_AT)|, (1)

where y (u,,) is the quark (gluon) field, u,, is the gluon field
tensor, u,, = d,u, — d,u, + iglu,, u,], A is the gluino field
and A, are the squark complex scalar fields'; 7% are the
generators of the SU(N ) gauge group in the fundamental
representation, and satisfy the commutation relation:

lGauge symmetry requires the two squark fields (A, A7) to lie
in the fundamental representation of the color group SU(N,.); their

conjugates (ALA_) are in the antifundamental representation.

[T, 77 = if 17, (2)

where f®" are the structure constants of the Lie algebra.
The normalization is chosen such that:

1
Tr(TeTP) = E5“/3, (3)

P are projectors: P. = (1 £y5)/2. Besides an implicit
color index, quark and squark fields (as well as their
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masses, m) carry also an implicit flavor index; a summation
S .. 2 ..

over repeated indices is intended.” The definitions of the

covariant derivatives D, are

DAL =0,AL +igu;T*A,
DAL = 0,AT + igusTeAY,
D,A_ = 0d,A_ —igA_T°ul,
DAL = 0,A" — igAl T?ug,
Dy = oy + igu; T,
D, = 0,4+ igu,. 4. (4)

The above action is invariant under the supersymmetric
transformations (¢ is a Grassmann Majorana spinor):

8:A, = —V2EP .,
S:A_ = —V2yP .,
8:(Pw) = iV2(D,A )P y*E—V2mP  EAT,
S¢(P_y) = iV2(D,A_)'P_y"é = V2mA P_E,
Seus = —i&yph 2%,

82" = T [y 1) — igr E(ALTA, — A_TAT).
(5)

As in the case with the quantization of ordinary gauge
theories, additional infinities will appear upon functionally
integrating over gauge orbits. The standard remedy is to
introduce a gauge-fixing term in the Lagrangian, along with
a compensating Faddeev-Popov ghost term. The resulting
Lagrangian, though no longer manifestly gauge invariant, is
still invariant under Becchi-Rouet-Stora-Tyutin (BRST)
transformations. This procedure of gauge fixing guarantees
that Green’s functions of gauge invariant objects will be
gauge independent to all orders in perturbation theory. We
use the ordinary gauge fixing term and ghost contribution
arising from the Faddeev-Popov gauge fixing procedure’:

1
SEp = ;/d“xTr(ﬁﬂuﬂ)z, (6)

where a is the gauge parameter [ @ = 1(0) corresponds to
Feynman (Landau) gauge ], and

SE o = —2/d4xTr(50ﬂDﬂc), (7)

*Note that the first parenthesis in the last line of Eq. (1) has an
im};)licit double summation over independent flavor indices.

“In what follows, the letter “a,” appearing as a superscript,
stands for a color index in the adjoint representation, not to be

(PR}

confused with the gauge fixing parameter “a.

where the ghost field ¢ is a Grassmann scalar which
transforms in the adjoint representation of the gauge group,
and: D,c = d,c + ig[u,,, c]. This gauge fixing term breaks
supersymmetry. However, given that the renormalized
theory does not depend on the choice of a gauge fixing
term, and given that all known regularizations, in particular
the lattice regularization, violate supersymmetry at inter-
mediate steps, one may choose this standard covariant
gauge fixing term instead of a supersymmetric one [15].

In Refs. [12] and [16], first lattice perturbative compu-
tations in the context of SQCD were presented; there, apart
from the Yukawa and quartic couplings, we extracted the
renormalization of all parameters and fields appearing in
Eq. (1) using Wilson gluons and fermions. In addition, we
explored the mixing of some composite operators under
renormalization. The results in these references [12,16] will
find further use in the present work. Furthermore, in the
Wilson formulation we have calculated the fine-tunings of
the Yukawa and quartic couplings (Refs. [17] and [18],
respectively).

III. SUPERSYMMETRIC QCD ON THE LATTICE:
OVERLAP FORMULATION

In our previous lattice calculation [12,16-18], we
extended Wilson’s formulation of the QCD action, to
encompass SUSY partner fields as well. In this standard
discretization quarks, squarks and gluinos are defined on
the lattice sites, while gluons are defined on the links of the
lattice: U, (x) = exp(igaTuj(x + aji/2)); a is the lattice
spacing. This formulation leaves no SUSY generators intact,
and it also breaks chiral symmetry; thus, the need for fine-
tuning will arise in numerical simulations of SQCD.

To restore chiral symmetry at finite lattice spacing and
reduce the extent of necessary fine-tuning, we now employ
the overlap lattice formulation, which was introduced by
Neuberger [19,20] and preserves an exact lattice chiral
symmetry through the Ginsparg-Wilson relation [2],
eliminating additive mass renormalization for fermion
fields and simplifying the renormalization of axial and
supercurrent operators. Additionally, overlap fermions
improve the continuum extrapolation by significantly
reducing discretization artifacts that are present in
Wilson-type formulations.

The Ginsparg—Wilson relation, which preserves a modi-
fied form of chiral symmetry on the lattice [2,21,22] is

ysD + Dys = aDysD. (8)

This identity ensures that a lattice-modified chiral symmetry
is maintained, which plays a crucial role in formulations
involving Majorana fermions and supersymmetric theories.

Following the formulation in Ref. [21], the chiral trans-
formations for quark fields are defined as
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1 _ _ 1
5y/—y5(1—§aD>y/, 51//—1//<1—§aD)y5, 9)

where D is the overlap Dirac operator. This transformation,
elaborated further in [23], ensures a well-defined and
chirally symmetric lattice formulation of the theory even
in the presence of Majorana fermions (e.g., gluino fields).
Majorana fermions satisfy the property:

(A7 = cae, (10)

where C is the charge conjugation matrix, which fulfills the
relations:

(et =cyr, C'C=1, CT=-C=Cy=(p)'C.

(11)

In the case of quark fields, the inclusion of mass terms
in the overlap formulation requires careful treatment, as
discussed in Refs. [24-26]. In particular, by using the
Ginsparg-Wilson relation in Eq. (8), one can derive the
following identities involving the overlap Dirac operator D
and the chiral projectors:

Dl +ys(1 —aD) —p.D,
2
Dy5<1 —ZD> + <1 —;D);/sD —0. (12)

These identities suggest a natural definition of the mass
term in the lattice action. Instead of the naive term mgyypy,
one considers the lattice-modified version:

— _ a
moww—>mow<l —§D>w, (13)

such that the chiral transformation in Eq. (9) reproduces
the correct continuum limit. The same structure as in the
continuum theory confirms the consistency of the modified
mass term with lattice chiral symmetry. Therefore, the mass
term is introduced in the action as shown below, where the
most common discretization of the Ginsparg-Wilson oper-
ator is given by the overlap formulation, D = D, [see
Eq. (19)]. It is important to emphasize the difference
between chirality in the continuum and on the lattice. In
the continuum, chirality is a local concept, independent of
the gauge field. Both chiral rotations and projections
involve only the spinor field at a single point x. On the
lattice, however, the chiral rotation and projection operators
involve the Ginsparg-Wilson operator D, which connects
different lattice sites. Consequently, lattice -chirality
depends on both the gauge field and information from
neighboring points, making it inherently nonultralocal. The
quark lattice action takes the following form:

S (1-3m ) Paten) tmd Jyo). (19

By rescaling the fields, we define the bare mass:

my
l—zamo

(15)

We observe that this expression can be rewritten as

1
7 (1=5amy ) (Do +—2— )y, (16)
2 1—§am0

which has the same structure as a canonical massive
Dirac action:

W' (Doy + m)y/", (17)

provided we make the identification:

1 1/2
v = <1 —Eamo) W. (18)

The overlap operator in the fundamental representation is
defined as

H(x,y)
H(x,y)"H(x,y)

1
Dov(x’y):5<5x,y+75 )7 H=ysDy,
(19)

where Dy is the Wilson—Dirac operator in the fundamental
representation:

lz[n(vﬂ +Vi) —aViV,.  (20)

Dyw =
w 2
u"

The forward and backward covariant derivatives are
given by

VM(X, y) = é(Uu(x)éx-&-aﬁ.y - ]]5x,y)
= (V) =D _Vu(x. )y ()

— % U, (x)y(x +at) —y(x)], (21)

1 .
v;: ()C, y) = E U;; (X - a/")@c—aﬁ,y)

= (Vi) (x) = > _Vile, )y ()

(ﬂ 5x.y -

= L) - Ubx - awlx - ai). (22

For gluinos, given their Majorana nature, the correspond-
ing action is given by
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—a*y Te(A" (x)CD& (x, y)A(Y)), (23)

xy

which aligns with the small-momentum behavior of the
continuum theory [23]. The definition of the overlap

operator in the adjoint representation Dﬁgj takes the
form [23]:

D =51+ Viny). (24)

where p is a constant with dimensions of mass that behaves
as ~1/a, and V. is defined as

Ving = Dy (D D) 7112, (25)

where Di‘gj is the Wilson—Dirac operator in the adjoint
representation:

D%[C/IJ =—u "‘EZ [Yp(vfidj + vﬂadj> _ﬂaZV”adeZdJ] - (26)
u

One can easily show that the operator V,,, satisfies the
relations:

V Vmaj - 1,

maj

Cvmajc_1 = Vri;qaj’ s Vmaj}/S = VrTnaj'

(27)

The kinetic term for the gluino in the action [Eq. (23)] is
invariant under the following infinitesimal chiral trans-
formation:

1
51 = 7s <1 —5 1+ Vmaj)>/1,
- = 1
5ﬂ = ﬂ(l —5(1 + Vmaj))yS' (28)

The covariant derivatives in the adjoint representation are

adj 1 adj
Vi (6.3) = — (U ()31 = 161,)
. 1 .
= Viiae(x) = - [ (UBS ()2 (x + ap) = 2(x) . (29)
: 1
V;adj ()C, y) = Z (1] 5 Uadﬁ ()C - aﬁ)éx—aﬁ.y)
*adj 1 adj A A~
= V27(x) = ~27(x) = (U (x = a) )P (x — af)].

(30)

where the adjoint link variables are constructed from the
fundamental ones as

adj 5 _

(U ()" =

2Tr(TU,,(x)TPU(x)). (31)

From the above, it follows that

ViA0x) = - [U,(04(x + ap) U

—ax). (32)

Henceforth, the arguments (x, y) will be omitted whenever
this does not lead to ambiguity.

For the overlap discretization, the Euclidean lattice
action S§ocp, takes the form shown below. We note that,
in its current form, the Yukawa interaction term (third line
in the following expression) is not chirally invariant; this
issue will be addressed in the following subsection,

Skocn = “42{ Z(l —LTrU ) ZTr (AT (x)CDX (x, y)A(y))

+D,AL (x)D,A (x) + D,A_(x)D,A" (x) + Z w(x) [(1 - %> Doy (x,y) + moéx,y] w(y)
+iV29(AL ()27 () TPy (x) = W (x) P_2"(x) T*A . (x) + A_(x)2* () T*P_yr(x) = r(x) P, 2% (x) T*A (x))
+ %92 (AT () TA (x) = A_(0)TAT (x))? + m* (A} (x)A (x) +A_(x)AT (x)) } , (33)
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where U, (x) = U,(x)U,(x + ap)U}(x + ad)UJ(x), and
summations over flavors are implicit in the last three
lines of Eq. (33). The definitions of the lattice covariant

derivatives on squark fields are as follows:

DA () = [U, (A (x + ai) = A, ()], (34)
D,AL () = AL (x + a)UL(x) - AL ()], (35)
D,A_(x) = [A_(x + @) UL(x) - A_(2)], (36)
DA (x) = é U, ()AL (x + a) — AL ()] (37)
In Egs. (34)—(37), we avoid using the symmetric

derivative—not only to limit the interactions to at most
two lattice points, but more importantly, to avoid “scalar
doubling,” which might otherwise necessitate the introduc-
tion of a Wilson term. We note, however, that the
symmetries of the action remain the same regardless of
the choice between both types of derivatives.

For a perturbative treatment, a gauge-fixing term S&,
together with the compensating ghost field term Sghosv
must also be added to the action, just as in the continuum,
in order to avoid divergences from the integration over
gauge orbits; these terms are the same as in the non-
supersymmetric case. Furthermore, a standard “measure”
term Sf/{eas, must be added to the action, in order to account
for the Jacobian in the change of integration variables;
U, — u,. All the details and definitions of S&p, S&pox
Sf,[eas_ can be found in Ref. [27] (see also [12]).

A. Chirally invariant Yukawa term

To maintain exact lattice chiral symmetry and properly
formulate supersymmetric Yukawa interactions using over-
lap fermions, we adapt Liischer’s prescription [21] and
introduce auxiliary fermion fields:

(i) x%(x): auxiliary Majorana fermion in the adjoint
representation of SU(N,), corresponding to the
gluino field; and

(ii) y, (x): auxiliary Dirac fermion (with implicit flavor
index) in the fundamental representation of SU(N..),
corresponding to the quark field.

These fields are nondynamical and vanish in the continuum
limit, but are essential for writing lattice chirally invariant
Yukawa terms.

Before addressing the Yukawa term, the auxiliary field

contribution to the Euclidean lattice action is

Sun = a3 (WL =2 A0, )] G8)

where u denotes the same parameter introduced in Eq. (24),
and summation over color and flavor indices is implied. A
modified chiral transformation is introduced, in which the
auxiliary fields transform under lattice chiral symmetry in
such a way that their sum with the corresponding quark and
gluino fields satisfy the standard continuum chiral trans-
formation. Explicitly, for the quark field y, we define the
infinitesimal modified chiral transformations [21]:

1
oy =7vs <1 - EaD>u/ + 75Xy

o 1 _
51//:1//(] —2aD>y5 + 75 (39)

1

Oy =755 aDy,

1
5 8%, =Ww=aDys,  (40)

2
so that the combinations (y +y,,) and (¥ + ,,) transform as

Swtxy) =vrsw+tx,),  W+i,)=W+2,)rs

(41)
Similarly, for the gluino field A [23]:
1
A =75\ 1 =51+ Vag) |2+ 7522
- 1 )
or=4|1 —5(1 + Vina) |75 + a7 s- (42)
1 _ -1
oy = }’55(1 + Vingi ) As o = /15(1 + Vingj)7s,  (43)

and the combinations (4 + y;) and (4 4 7;,) transform as

S(A+i)=0A+z)rs.  (44)

The modified chiral transformations in Egs. (39), (40), (42),
and (43) not only ensure that the combinations (y + y,,) and
(A 4+ y;) transform in the standard continuum chiral manner,
but also leave invariant the modified Yukawa interaction in
Eq. (45). Further, the sum of the second term in S,,, and the
kinetic term for quarks in Eq. (14) with my — 0 is also
invariant. The same statement holds for the first term in S,
and the kinetic term for gluinos in Eq. (23).

The Yukawa part of the action [third line of Eq. (33)]
now takes the chirally invariant form:

S(A+x) =rs(A+x.).

Sy = a*y_iV2g[AL (x) (37 (x) + Z5 ) TP (w(x) + 1, (%)) = ((x) + 1, () P_(4°(x) + 5(x)) T*A ()

+A_(x) (2%(x) + 7 () TOP_(y (x) + 2, (x)) = (@ (x) + 7, (x)) P4 (47 (x) + 25 (x)) T*AL (x)]. (45)
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Since the auxiliary fields y,, and y§ are introduced in order
to restore exact lattice chiral symmetry via a modified chiral
transformation, and they appear both quadratically and
linearly in the lattice action, they can be functionally
integrated out exactly (quantum treatment). This procedure
yields auxiliary-field-independent contributions in the form
of determinants (or Pfaffians in the case of Majorana
fields), along with exponential factors, which will be
explicitly described below. The resulting effective action
involves only the physical fermionic degrees of freedom,
w and 1%, as well as the squark fields, A and A_. The total
lattice action remains invariant under a modified chiral
symmetry and is consistent with the Ginsparg-Wilson
relation. This formulation ensures the correct continuum
limit while preserving exact chiral symmetry at finite
lattice spacing.

Overall, the auxiliary fields appear in Sy and S,.
A classical treatment of these fields would amount to
inserting in the action the expressions for y,, and y; which

result from solving their classical equations of motion: |

2
Ay = iV2gT*(P_A, + PLAY)(A% + %), (46)

2 )
Z7h = Va(T) (ALP, +A_POC(S +5).  (47)

and 2uCy§ = iV2g[(AL.CT*P, + A_CT*P_)(w +1,)
— (A((T*)P_+ AL(T) PO + 7))
(48)

Equations (46)—(48) are a coupled set of linear algebraic
equations, consistent with the Majorana condition.

For a quantum treatment of the auxiliary fields y,, and x4,
we must functionally integrate over both. Given that the
first field is a Dirac spinor, while the second is Majorana,
it is more convenient to carry out the two integrations in
sequence, starting with y,,.

The part of the action containing y,, is [see Egs. (38)
and (45); we omit the common argument x in all fields):

2— : 20 | ma\Ta b a_| ,La\Ta 20 | DaTa by, a_| La\Ta
va,_a“Z(_EIy/XV/"i_l\/ig[Aj—(/{ +)(/1)T P+)(1//_XI//P—()' +ZJ)T A_,'_—I—A_(ﬂ +)(,{)T P—)(W_XWP-&-(/I +)(/1)T Ai])’

(49)

Employing the standard Gaussian functional integration over fermions:

/ DXDX exp {— / d*x(XMX + X¥ + ‘?X)] = det(M) exp < / d“x‘i’/\/l‘“l’), (50)

in its lattice discretized form, we obtain:

2

4N .N;V _ .
a5, = (2)" exp(~atSap e+ Al TTAR, + (A TTAPIR L) ). (51

where V is the number of lattice sites; the constant prefactor multiplying the exponential can be dropped, while the exponent

provides an effective contribution to the total SQCD action.

To integrate now over the auxiliary field y§, let us first single out the parts of the action containing this field [including

contributions from Eq. (51)] :

S

a 2 -
+ 70 + 7507 + z“QaﬂxﬁJ),

where: Q% = (AL {T*, TPYAL )P, + (A_{T% TP}A,)P_.

= aty (—w?i’x‘f +iV2g[AL TPy —pP_ST A, + A_Z5TP_y — P x5 T AL
X

(52)

(53)

a 2 a 2
=S, =da") (;2; {—uaaﬂ + % Qaﬂ} O+ [i\/ig(Aim +A_P_ )Ty + % QW)

ag’ -
— [iV2g§ TP (A, P_+ AP, — %iaQa[}M)

= a*y (GEL 2+ ).
X

(54)
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where only the anticommutator {7%, 77} contributes to
0%, due to the Majorana nature of (1% 4 x%).

[Note: For definiteness, we will use yg =ys, as is
the case in all commonly used bases of y matrices.
There exist other bases, of course, which are compatible
with Eq. (11) and in which ys is antisymmetric, such as
70=18®01,7;=-0,803,75=1Q0,.C=r,. By Eq. (11),
a symmetric y5 commutes with C. Given that both the action
and the Majorana condition are independent of the basis for
Dirac matrices, one could reformulate the procedure for
integrating out auxiliary fields in a basis where y5 is not
symmetric.]

The functional integral for a generic Majorana fermion A
and a generic antisymmetric matric M reads:

/ Diexp {— / d*x(AT M2+ I + ﬁ/l)]

= Pf(2M) exp (—i/ d*x(ij —n"COM (7" + Cn)>,
(55)

where Pf(2M) stands for the Pfaffian of 2M. Integration
over y;, thus leads to [see Eq. (54) for the definitions of Z, ¥
and ¥

[ Priex(=,) = PraCTE) exp (= a8~ (¥ () (T )

X

= Pf(ZCTE) exXp (—S\y\p).

An important characteristic of the quadratic partin S, is
that it is purely local, i.e., the matrix E is strictly diagonal in
coordinate space. A consequence of this is that the inverse
matrix appearing in the Gaussian integration over auxiliary
fields is a tensor sum of the inverses of = at each space-time
point separately. Similarly, the Pfaffian stemming from the
integration is actually a product of Pfaffians at each space-

(56)

|
Pfaffian which can also be expressed as an ultralocal
contribution [see Eq. (62)]. A salient feature of Syy is
the appearance of “Majorana-type” lattice artifacts, of the
form yy and iy, for the quark fields.

We can simplify Pf(2CTE) by evaluating it in a basis*
where

time point. Thus, in all cases, integration over the auxiliary s =1Q® o3, C=-io, ® 1. (57)
fields will only amount to the introduction of the additional
ultralocal contribution, Sy, in the action, as well as the| Writing
o _ _ ag® _ ag?
E=E. P, +E P |(E)Y =—us? + TA+{T”’, TPYAL (BL) = —pus? + TA_{T“, TP}A. | (58)
we obtain
iorE
20TE = 2( = ) = Pf(2CTE) = 22V¢-1) . det(E., ) - det(E_). (59)
0 1025_
Similarly, the inverse of &, appearing in Eq. (56), simplifies to
Bl =8P+ (B)P.. (60)

Being ultralocal, 2, and E_ are (N2 — 1) x (N? — 1) matrices whose inverse and determinant can be easily evaluated
numerically. Their perturbative value will be examined in Sec. III C.
In conclusion, after integration over the auxiliary fields, the action of SQCD acquires three additional contributions:

(i) The first contribution, stemming from Eq. (51), is

Sy = a42%/_1“[(A1{T“, TPYAT)P. + (A_{T*, TP}A,)P_)I’. (61)

“While the Pfaffian does not share all the basis-invariant properties of a determinant, it is certainly invariant under all similarity
transformations which are symmetries of Eq. (55); these include orthogonal transformations and, in particular, a basis change from Dirac

to Weyl fermions.
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(i) The Pfaffian in Eq. (56) [see also Egs. (58) and (59)]
can be cast as a second contribution to the action, by
taking its logarithm:

PF(2CTE) = exp(=Spr),
Spr = —tr log(E, ) — tr log(E_) + constant.
(62)

(iii) The third contribution is Syy, shown in Eq. (56); to
make it more explicit:

S =a* S (B~ (W) (CTR))

< (PP +Ce),

ag’

where: Wo=iv2g(AL P, +A_P_)T*y + 5

— - agz_
Yo = —i\2gpT* (A, P_+ALP.) +7MQﬂa,
Q% = (AT {T*, TPYAL )P, + (A_{T* TV}A,)P_,
2
89 — _ 5 +%Q“ﬁ . (63)
Thus, the action of SQCD in the overlap lattice

formulation reads:

3583113 = S]§QCD + i+ Spr + Sww.

(64)
For a perturbative treatment, one also needs to add:
SEr+ SE  + SEieas» as previously mentioned.

B. The case Ny=1

In order to shed some light on the characteristics of the
matrices E,, let us focus on the one-flavor case, Ny = 1.
While in nonsupersymmetric QCD this case is of limited
phenomenological interest, in SQCD it elucidates the
structure of poles arising from the elimination of the
auxiliary fields.

What are the eigenvalues and eigenvectors of Z=_
[Eq. (58)]7 [The treatment of Z, will be identical, merely

substituting A, by A}.] One eigenvector, denoted vy, is
(v9) =(A_TPA,),

2 1
with eigenvalue: eg = —u +% (1 —N—> (A_AL).  (65)

A set of degenerate eigenvectors, v%, are

(v2)) = (A_[T*. TP|A,).

a92

with eigenvalue: e_ = —u + 4 (A_A,).

(66)

Finally, there is also a set of degenerate eigenvectors, v%:

1 = =5 (1= Jaaror + (1= Y aan@reman - (1- 3 )ara @),

c c

with eigenvalue: e, = —pu.

c

(67)

In order to find the multiplicities of the above eigenvectors, and to check that they are complete, we form the projectors
Iy, I, II, to the subspaces spanned by v,, v and v%, respectively:

I = No(vo)f (vo)",

¥ = N _(02)P (2,

7 =N, (v3) (o).

where the values of the normalization coefficients N, N'_, N, are such that (I1y)? = I1,, (I1_)* = I1_, (I1,)> =11,
respectively. Using the expressions in Eqgs. (65), (66), and (67) for the eigenvectors, we find:

1 -1
=2 (1 - N—) (ALA)(ATPAL)(ATIAY),

c

% = 2(A_A, )" (A_{TP,T"}A,) — 4(A_A ) 2(A_TPA,)(A_T’A,),

7 = &7 —2(A_A )" NA_{TP T }A.) + 2(1

1

- Nc> B <1 - 2) (A_AL)2(A_TPAL)(A_T7A,).

o (69)
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There follows immediately that the above eigenvectors are
a complete and mutually orthogonal set, since:

Mo+ T+ 10, =1, (70)
(vo)7(v2)" =0, (o) (v%)" =0,
() (L)Y =0, YV a.p. (71)

The multiplicity of the eigenvalues e, e_, e, equals the
rank of the corresponding projectors, respectively:
tr(Ho) = 1,

tr(I_)=2(N,—1), tr(Il,)=N2=2N..

(72)
It is straightforward to verify that tr(E_) equals the sum

over all of its eigenvalues, multiplied by their respective
multiplicities:

eotr(Iy) + e_tr(I1_) 4 e tr(T1,)

N2 -1
— _ N2_1 2°'c¢
u(Nz = 1) + ag N

(A_A,) =w(E). (73)

Thus, the determinant of E_ equals:

det(E_) = (—;4 +“792 <1 —Ni> (A_A+))

c

2 2(N,~1)
ag 2_
x (—M+4<A_A+>) (—uMiNe, (74)

The inverse of E_ is necessarily of the form:

(B2 =18 + o (AT, TT}A,)
+ 3(A_TPAL)(A_TYA), (75)

where the coefficients c¢; are given by

ey = —%’T (—u + %(A_Ag)_l (—ﬂ + %92 (A_A,) (1 - Nic»_l (1 - Ni> (76)

We see that (2_)~' has poles, leading to potential
divergences for large values of the squark fields A;. In a
perturbative treatment these poles bear no consequences,
since (E_)~! can be expanded as a power series in g*> with
convergent coefficients. But even nonperturbatively, these
poles are harmless, since they will be exactly compensated
by corresponding zeros in the determinant of Z_ [see
Eq. (74)]; this is to be expected, since both features are
consequences of a Grassmann integration [Eq. (56)] which
is necessarily finite (see also Ref. [21]).

C. Perturbative setup

In this subsection we provide an expansion of the overlap
action of SQCD in powers of the bare lattice coupling
constant g, including terms up to order ¢°. This expansion is
sufficient for a perturbative study of SQCD up to two loops,
in order to renormalize all elementary fields, the action
parameters, and relevant composite operators.

A number of important perturbative checks can be
performed on overlap SQCD, to verify that the overlap
formulation evades some undesirable features of the more

standard, chirality nonpreserving formulations which
employ Wilson-like gluinos and quarks. Such undesirable
features are: Critical (power divergent) bare masses for
quarks, squarks and gluinos; mixing of the A, and AT
squark fields; appearance of unwanted O(a®) counterterms
for both Yukawa and quartic couplings.

The perturbative treatment of overlap quarks in non-
supersymmetric QCD, and of overlap gluinos in super-
symmetric pure Yang-Mills theory, has been extensively
addressed in the past (see, e.g., Refs. [28-30]). Furthermore,
the additional terms in the SQCD Lagrangian at the classical
level [Eq. (33)] coincide with the corresponding ones in the
Wilson-fermion formulation of SQCD [12]. Thus, we only
need to focus on the three new contributions to the
Lagrangian, which arise as a result of the functional
integration over the auxiliary fields x4, y, and are shown
in Egs. (61)—(63). We recall that these auxiliary fields were
introduced in order to preserve chiral invariance in the
Yukawa part of the action, a novel issue which was not
present either in QCD or in pure SUSY Yang-Mills:

(i) The first contribution, S,;, being a monomial in g, is

already in a form suitable for perturbation theory;
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(ii)) The second contribution, Sp¢, expanded in powers of g becomes:

ad (N2 — o . 2 e , . 2
o= 90 (M AYA) + (a4 55 VA ar) + wrabyasal (V)
@Ayl ar) + wahasab) (Y1) | o) (77

[Flavor indices are shown explicitly in Eq. (77), for the sake of clarity; summation over paired indices is

implied.]; and

(iii) The third contribution, Syy, is shown in Eq. (63). For its perturbative expression, modulo terms of O(¢®), it suffices
to substitute 2! = (2,)7'P, + (E_)"'P_ in Syy by its expansion to first subleading order:

__5aﬁ_ ag’ i

(Ex)™H”
17

Inspection of the three contributions to the action
[Egs. (61)—(63)] reveals a number of new interaction
vertices which were not present in the lattice formulation
with Wilson fermions. These vertices are higher order in g
and in a; they typically contain additional powers of

squark-antisquark  pairs, such as A-—-A-AT—A,
w—w—A"—A, y—A—1-(ATA)". In addition, there
are Majorana-type quark couplings, w — A" —y — A",
“ A . 4 4

et T SR _—— L -
Lar . A4

",.é-‘-r ."’A‘-.‘ .‘.g:.»'.-‘-"

- —p— _—— o e

4 o L 4 4
-.‘.I :.'- ey "Y‘. . -"i :.,.l.. o pa
> A
'h: .'* f e, ."- .-‘ . e’
-'.. -... -.“ . !.‘~ :_. '-.Y."
- . -« g

FIG. 1. Feynman vertices derived from the additional contri-
butions to the action, S;;, Sp, Syy. Solid lines represent quark
fields (y), dashed lines represent gluino fields (1), and dotted
lines denote squarks (A, ). A squark line arrow entering (exiting)
a vertex denotes an A | (Al) field; the opposite is true for A_ (AT)
fields. Vertices with reversed arrows are also present.

—A T TPYAL + O(g%),

1 2
()P =57 -ZLA{T".TP}A, +O(g").  (78)
H H

Their representation as Feynman diagrams is shown
in Fig. 1.

IV. SUMMARY—FUTURE PLANS

This work presents a consistent lattice formulation of
N =1 supersymmetric QCD (SQCD) using overlap fer-
mions, which preserve a modified form of chiral symmetry
on the lattice through the Ginsparg-Wilson relation. In
order to construct Yukawa terms that respect this symmetry,
we have introduced appropriate auxiliary fields and we
have obtained a chirally invariant lattice action that incor-
porates gluino, quark, and squark fields. Compatibly with
the Nielsen-Ninomiya theorem, since the action is now
local, but not ultralocal, this approach will not lead to any
doublers, while leaving the theory (for vanishing mass)
chirally invariant in a modified sense. Within this frame-
work, we have developed an action suitable for both
nonperturbative and perturbative investigations. This
enables the computation of Green’s functions, the renorm-
alization of the theory, and the fine-tuning of bare param-
eters. This formulation naturally avoids additive mass
renormalization and significantly reduces the number of
supersymmetry-breaking counterterms required, in contrast
to Wilson-type discretizations. To implement the integra-
tion over auxiliary fields, we perform a detailed matrix
analysis for an arbitrary number of flavors, N fs with
explicit simplifications demonstrated in the single-flavor
case Ny = 1. Additionally, we carry out a perturbative
expansion of the resulting expressions.

A natural extension of this work involves the complete
renormalization of the theory. Future efforts will focus on
computing all necessary perturbative fine-tunings and
counterterms on the lattice and in the MS scheme to enable
precise matching with the continuum SQCD theory.
We will retain the quark mass term in this formulation
throughout our calculations, as quark and squark masses
are consistent with supersymmetry. The initial step is the
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renormalization of fields and masses, which will clarify
whether the squark fields acquire critical masses, while
quark and gluino fields remain protected from additive
mass renormalization by the overlap formalism. This
analysis will also determine whether the squark compo-
nents mix among themselves and whether the second
Yukawa term arises. These counterterms often present in
Wilson-based formulations, are suppressed by chiral sym-
metry, indicating improved supersymmetry preservation.
Furthermore, the renormalization of the four-squark cou-
plings will reveal whether multiple independent quartic
interactions emerge, as in the Wilson case.
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