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Classification of four-quark operators with AF < 2 under flavor symmetry
and their renormalization in a gauge-invariant scheme
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In this paper we study a complete set of scalar and pseudoscalar four-quark operators, with a particular
emphasis on their renormalization within a gauge-invariant renormalization scheme (GIRS). We focus on
operators that do not mix with lower-dimensional operators by virtue of their transformation properties
under the flavor-symmetry group. This class includes all AF = 2 operators, as well as their partners that
transform under the same irreducible representations of the flavor group. These encompass a substantial
subset of AF = 1 and AF = 0 operators. The present analysis provides a detailed classification of all four-
quark operators, exploring their Fierz identities, symmetry properties, and mixing patterns. Different
variants of GIRS are explored, including a “democratic” version that treats all mixing operators uniformly.
For selected variants, which exhibit smaller mixing effects, we present the conversion matrices from GIRS

to the MS scheme at next-to-leading order.

DOI: 10.1103/h9p1-6¢bw

I. INTRODUCTION

The study of four-quark operators plays a central role in
understanding flavor-changing processes, CP violation,
and in probing possible extensions of the Standard
Model (SM). These operators naturally arise in effective
field theories that describe low-energy hadronic inter-
actions, such as the weak effective Hamiltonian, and in
scenarios involving lepton flavor violation and other forms
of beyond-the-Standard-Model (BSM) physics [1]. A
crucial aspect of these studies is the proper renormalization
of composite operators, as their matrix elements depend on
the renormalization scale and scheme. Understanding their
renormalization properties, especially in nonperturbative
regimes, is crucial for matching lattice QCD calculations to
continuum schemes, and for providing accurate predictions
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of physical observables. Over the past two decades, con-
siderable effort has been devoted to the perturbative and
nonperturbative renormalization of such operators using
different discretizations on the lattice (see, e.g., [2-16]
and references therein), with notable advancements in more
recent works [17-22].

The matrix elements of four-quark operators within
lattice QCD are essential for connecting experimental
observables to fundamental parameters of the SM, such
as the elements of the Cabibbo-Kobayashi-Maskawa
(CKM) matrix. Among the most prominent examples is
the so-called bag parameter By, which parametrizes the
hadronic matrix element relevant for K — K mixing. This
parameter is a key input for determining indirect CP
violation in the kaon sector and contributes significantly
to global fits of the unitarity triangle [23-28]. Beyond
kaons, four-quark operators are equally relevant for B- and
D-meson mixing, where their matrix elements enter in the
prediction of mass differences and mixing-induced CP
asymmetries [29,30]. In addition, such operators appear in
many scenarios of physics beyond the SM, where they can
induce flavor-changing effects not allowed within the SM
or modify the strength of existing transitions [31]. As
experimental precision continues to improve, particularly
with new results from LHCb [32] and Belle II, matching
this progress on the theoretical side requires a deeper
understanding of four-quark operators from first principles.
Lattice QCD provides a systematic framework to compute
the relevant matrix elements nonperturbatively, with
increasing control over continuum extrapolations, renorm-
alization effects, and systematic uncertainties [33-37].

Published by the American Physical Society
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To extract physical predictions, the matrix elements of
four-quark operators computed in lattice QCD must be
consistently matched to Wilson coefficients evaluated in a
given continuum renormalization scheme, most commonly
the MS scheme [38]. However, since the MS scheme is
defined in the continuum, it is not directly accessible in
lattice computations. To overcome this limitation, intermedi-
ate regularization-independent renormalization schemes are
typically employed on the lattice, followed by the applica-
tion of conversion factors to connect to the MS scheme.
These conversion factors, being independent of the regu-
lators, can be computed in dimensional regularization. One
such intermediate scheme is the gauge-invariant renormal-
ization scheme (GIRS) [19,39-41], which generalizes the
coordinate-space (X-space) approach [42-45]. GIRS ena-
bles the nonperturbative renormalization of composite
operators through the use of gauge-invariant correlators
defined in position space. These methods are essential for
bridging the gap between lattice regularizations and con-
tinuum perturbation theory, thereby enabling reliable phe-
nomenological predictions and improved control over
systematic uncertainties in the renormalization of four-
quark operator matrix elements.

In this paper, we investigate scalar and pseudoscalar
four-quark operators that can be renormalized within GIRS,
developing further the framework recently applied to
operators that change flavor numbers by two units
(AF =2) [19]. Our focus is on operators whose trans-
formation properties under the flavor symmetry group
forbid mixing with lower-dimensional operators, thereby
allowing for a cleaner and more controlled analysis of
their renormalization and mixing patterns. We provide the
theoretical foundation for a GIRS-based renormalization
of these operators on the lattice, including a classification
according to flavor symmetry representations, an explora-
tion of Fierz identities, and a study of their transformation
properties under parity and charge conjugation. In par-
ticular, we revisit and extend the classification of four-
quark operators for a general number of flavors Ny,
covering not only the AF =2 case, but also a broad
class of AF =1 and AF = 0 operators that reside in the
same flavor representations.

The present paper is organized as follows. In Sec. II, we
define generic four-quark operators and classify them
according to their transformation properties under the
flavor symmetry group, making use of Fierz identities to
reduce redundancies. Section II B focuses specifically on
the scalar and pseudoscalar four-quark operators of interest.
We discuss the mixing patterns of these operators and how
flavor symmetry prevents mixing with lower-dimensional
operators for specific representations of the flavor group.
Additionally, by employing parity, charge conjugation and
chiral transformations, we further decompose the mixing
sets. Section III provides a brief review of the renormal-
ization setup; it describes its application to the operators

considered in this work using the GIRS scheme. In Sec. IV,
we construct renormalization conditions in GIRS and
provide perturbative results for the conversion matrices
to the MS scheme. Finally, in Sec. V, we summarize our
findings and outline possible directions for future research.

II. OPERATOR SETUP

In this section, we define the complete set of four-quark
operators relevant to our analysis, extending the operator set
examined in our previous work [19]. We consider all
representations of the flavor group that forbid mixing with
lower-dimensional operators. This choice ensures a clean
operator basis that is suitable for renormalization and
matching calculations, free from contamination by lower-
dimensional terms.

A four-quark operator has the general form

(E%we
(e

a dp

Yok =
(Orr)py, =

aﬁl//ﬂf;( ))
(//3"/’/}' f4( )) (1)

where I'\I"€{1,75.7,.7,75:6,0:0,,75} ={S.P,V,A,T, T}
and 6,, = 1[r,.7,]; spinor indices are denoted by Greek
letters (a, B, &, '), while color and flavor indices denoted
by Latin letters (a, a’) and f;, respectively. Throughout the
paper, we adopt the convention that quantities with lower
(upper) flavor indices transform according to the (anti)
fundamental representation of the flavor group. In order to
classify the four-quark operators into irreducible represen-
tations of the SU(N,) flavor group, it is convenient to
denote operators with exchanged flavors of their quark

fields (f5, f4) as [4]
(Ofe)jf = Ore)f g
- (S w0
a ap
(TS g, 0). @)

ad Jdp

The following relations between operators with exchanged
flavor indices hold

(Orr’):z:;i = (O?’r);l;i (3)
(Orr’)}cjjﬁ = (OF’F)Q:E' (4)

Making use of Fierz rearrangements, operators in Eqgs. (1)
and (2) can be also expressed as linear combinations of
those given in Egs. (5) and (6), respectively
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We will make this relation explicit in Sec. II B for particular
cases of interest.

1
(O?—l—l—/ 2 j:j EE [(Or[" f + OIT’) + (OIT’) J;

[a—

1)
(Orr’)f4f + ( Orr’ }

A. Operator classification into irreducible
representations of SU(N;) flavor group

We focus on a theory with N, mass-degenerate quarks,
where SU(N) flavor symmetry holds. The symmetry is
also preserved for theories with nondegenerate quarks
when the chiral limit is taken. The latter case is typically
considered when operator renormalization is studied. In
these cases, the four-quark operators can be classified into
specific sets that support different irreducible representa-
tions of the SU(N) flavor group. We perform below the
operator classification using group theory and Young
tableaux. A similar investigation can be found in Ref. [46].

We first define operators with symmetrized or antisym-
metrized quark and antiquark flavor indices, as follows:

1
OIT/ = 5 O{F '} fz f4 (O{r T )Q;ﬂ ’ (7)

[

[
Ot =3 [@m)f = @), - S|l = O] ®
Oy =5 (Ot = @it + Oee i = ©edfift] =5 (@i + OfeiE]. O
(OF ) if =5 [ OV + Oz = Ol = O] =3 [(Owr)fift = O] (10
where

(Orr)fif: = Orirr)fif = O f: + (Ore) (11)
(O )f3 = (Orrrr )f2 = (Orp )f] fj (Orr)g:;i, (12)

and Eqgs. (3)-(4) have been used to obtain the right-hand side (rhs) of Egs. (7)—(10).

The original operators can be decomposed into 10 sets which support 10 irreducible representations of SU(N)
Ofrr)iT. = Ok )% = fli 7 Oler)117, = m Oty i7 (13)
(O{rr’})j‘ci ;2 = fz<5f fa(O{rr’})f " fa Rk f3(O{FF’ )j " fa +5f f4(O{rr’ )}C;?’ + 6/ f4<0{rr’ )f j:)

N, (O{r A (14)
(@{iFF’})JQE = (6/17,07, & 5f1f45f2f3)f/zf;( {r, F’})f: fZ’ (15)
Ok s = OB s~y (@) (16)
O = (0" 5 O+ 8 Oh) 80 Ok + 0 Oafif) (09
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FIG. 1. Young tableaux of four-quark operators for SU(N,) group.

O* are completely traceless, OF are pure trace (thus flavor
singlets), and O* support the adjoint representation of the
flavor group. The corresponding Young tableaux for each
representation are given in Fig. 1. Also, in Table I, we
provide the dimensionality of each representation. Note

that representations é?ﬁf’}’ @?Er,r'}’ @fﬁm exist for
Ny > 1, representations O[?r’] for Ny > 2, and represen-
tation Oy for Ny > 3.

TABLE I. The dimensionality of the 10 irreducible represen-
tations of SU(N) flavor group for the four-quark operators.

Operator Type Dimensionality

((9{1_ F,})f3 2 traceless N%(Nf +3)(N; F1)/4

((Q{ir F’})ffl /j adjoint NZ-1

( rr ) /'3;/'4 singlet 1

O traceless (N = 4)(N2—1)/4
3.4 E J

(OF ) J’fl ;j adjoint N3 -1

Operators that belong to different sets cannot mix among
themselves under renormalization. In addition, operators

O* and OF can mix with lower-dimensional operators. The
latter may contain at most one quark-antiquark pair, and
thus, under the flavor group they can transform only under
representations stemming from the tensor product of the
fundamental and antifundamental representations, i.e., the
singlet and the adjoint representations. As seen in Fig. 1,
operators O* and O* support precisely these representa-
tions, thus allowing them to mix with lower-dimensional
operators. On the contrary, operators O support repre-
sentations that are distinct from the above. In the present
work, we limit our study to operators OF, which are free of
mixing with lower-dimensional operators. The renormali-
zation of operators OF and &* will be addressed in a
follow-up work.

B. Scalar and pseudoscalar four-quark operators

Given that we are looking for operators which will be
introduced as ingredients to an effective Lagrangian, we
will focus exclusively on scalar (I" = I') and pseudoscalar
(I" =Tys) four-quark operators. Further, as explained
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above, requiring absence of mixing with lower-dimensional
operators leads us to the operators (VQ?}’F/} and (V’)[ir,p]. Due
to different properties under parity (see Sec. Il C), scalar
and pesudoscalar operators are classified into different
mixing sets. Thus, in this case, the operator basis contains
6 sets of operators (2 for scalar, and 4 for pseudoscalar)

Si{0r. 05, 05, 07, 05 (18)

Sy {91, 9. 95} (19)
S3:{95. 97}, (20)
where
07 = Ovyan. Of = OVaiav.
in = @%—AA» in = éﬁA—AV,
05 = O5s_pp. Qi = Ops_sp.
07 = Oss.pp, 97 = OFgy s
£ =0, Qf = O (21)

Note that Opp,pp stands for (@{F,F} + (VQ{F/I/}) /2, and

@TT stands for O (r.7}/2. The operators in the sets St are
|

(E S om0 (S

a

a af

scalar and originate from the representations (bﬁ-’r}.l The
operators in the sets S5 and S5 are pseudoscalar, and they
stem from the representations (VQ{iF_Fy5} and (VQ[?FM, respec-
tively. The operators (V’)% and (V’)jET are not explicitly
shown above, as they coincide with (v’):[fT and (VQjTET,
respectively. Also, a summation over all independent
Lorentz indices (if any) of the Dirac matrices is under-
stood. In particular, (VQJ%T, involving two Lorentz indices,
contains a sum of 12 (pairwise equal) contributions. The
notation used above (Qi, Q,i) is consistent with older
studies [46,47] for AF =2 operators.2 In the case of
AF < 2 operators, the relevant trace parts are subtracted
(they are identically zero for AF = 2).

We stress that operators belonging to the same set can
mix among themselves because they support the same
representation of the flavor group. For the same reason
(combined with invariance under parity), mixing is absent
among operators belonging to different sets. As we con-
clude in the next subsection, operator sets S5 are further
decomposed into two individual subsets, and thus mixing
can exist only within each subset.

The operator basis can be also expressed in terms of
Fierz-transformed operators given in Egs. (5), (6). Using
the Fierz rearrangement identity for Euclidean gamma
matrices in 4 dimensions and for Grassmann fields

STt )
d ] ﬁ/

=St | S (S g 0 ) (v g, 0 )| 22)
C.D ad N ap a.p
where A, B,C,D =1,2,...,16 run over all 16 independent y-matrices in 4 dimensions and
1 N
cth =~ 1T () TH(rey’) 3)
we extract the following relations between the original and Fierz-transformed operators:
OFD OFD
OVV 4 4 -8 8 0 Vv OVA 4 4 -8 8 0 VA
O 448 80 oke Ow | |4 4 8 80 o
Oss |=g| 2 2 -2 21 ofe |, Ops =52 2 -2 =21 oLy (24)
Opp 2 -2 -2 -2 1 011:53 Ogp 2 =2 -2 =21 (’)gg
Orr 0 0 24 24 4 O';? Oy 0 0 24 24 4 OI;IT;

It is worth noting that the transformation matrix is the same between the scalar and pseudoscalar operators.
Our results agree with Ref. [46]. It is straightforward to construct the transformation matrix for the Q,-i and Qii

operators

]Specific combinations of operators supporting the same representation have been taken, which, as stated in the sequel, are
eigenstates of chiral transformations and are more useful in phenomenology.
’In some papers, e.g., Ref. [47], operators Q5 and Qs have an additional factor of 2.
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ot 4.0 0 0 0) /(@)
0y 00 -8 0 0] ()
o5 | =310 2 0 0 o] |
07 00 0 -2 1] (@)
0% 0 0 0 12 2/\(0H)

The block-diagonal form of the transformation matrices in
Eq. (25) agrees with the expected form of the mixing
matrices (i.e., a Fierz-transformed operator cannot be a
linear combination of operators supporting different rep-
resentations of the flavor group), as demonstrated in the
next subsection by studying other symmetries of the action.

C. Other symmetry properties

In addition to flavor symmetry, other symmetry trans-
formations can be used to decompose the mixing pattern
into smaller sets. We examine the action of parity P and
charge conjugation C transformations on each scalar and
pseudoscalar operator of the basis given in Egs. (18)—(20).
We first define the P and C transformations on quark and
antiquark fields

Py r(x) = (x
Parity:{ V_/f() }:4%( 2 (26)
Pis(x) = ws(xp)ya,
Cyr(x) = Clyl(x
Charge conjugation:{ _f( ) ’ ) (27)
iy () = ¥ ()C.

where xp = (=X, 1), and Cy,C~" = —y[. In Table II we list
the symmetry transformations for each operator.

The scalar (pseudoscalar) operators are even (odd) under
parity, as expected, while none of the operators are
eigenstates of charge conjugation. To address this, one
can change the basis by considering combinations of
operators in which flavor indices of quark and antiquark
fields are swapped, specifically (f| <> f3, f, <> f4). This
operation mixes different components within the same set
of operators supporting a given representation of the flavor
group, and thus it only mixes objects which will be
renormalized in the same way.

oF 4 0 0 0 0\ /(9D
Q5 0 0 -8 0 0]]f Q)
oF :% 0 -2 0 0 0ff @) (25)
oF 00 0 =2 1][] (g
of 0 0 0 12 2)\(Qf)

For the scalar operators Q7, the construction of eigen-
states of C does not affect the mixing pattern and thus it is
inconsequential to the study of operator renormalization.
Therefore, we maintain the original basis of scalar oper-
ators given in Eq. (18).

For operators Q5 and Q3 , flavor swapping by itself does
not produce eigenstates of charge conjugation, as plus
operators transform into minus operators under C and vice
versa. Although it is possible to construct eigenstates of
C by combining plus and minus operators, these combi-
nations merge operators that support different representa-
tions of the flavor group. This reflects the fact that, in this
case, charge conjugation does not commute with flavor
transformations; thus, there are no simultaneous eigenstates
of charge conjugation and flavor transformations. In such a
case, we need to select between the construction of
eigenstates of C or flavor transformations. Following older
studies, we keep the form of Qi and Qf, which are
classified according to the flavor symmetry and not C.
However, C can be used to extract relations between the
mixing coefficients of the corresponding plus and minus
operators, as discussed in Sec. IIT A.

For the operators QF, OF, and QF, we construct
eigenstates of C, as follows:

{(@D%: - @DRF @S + (@D (@R,
+ (@ (28)

{(@DR%+ @R (@D - (@DR L (@,
—(@1} (29)

Operators in Eq. (28) [Eq. (29)] are even [odd] under C.
Thus, the two sets are renormalized separately through a

TABLEII. Transformations of the four-quark operators under P (considering operators localized at X = 0) and C.
Scalar Operator P (about X = 0) C Pseudoscalar operator P (about X = 0) C

()77, HEORE  HeORT (0177 Qb ~@ORT
(03)71, HODRE HOORT (977 (@ @
(@017, HODAL  HeDRE (@DRR QN Hen
ey HehRE e (@R @ Hehhy:
@ HODRE  HeDR: (@ RC VAT v

034504-6



CLASSIFICATION OF FOUR-QUARK OPERATORS WITH ...

PHYS. REV. D 113, 034504 (2026)

common 3 x 3 mixing matrix, since they still support the
same representation of the flavor group. The mixing matrix
is independent of the flavor content of the operators. For
particular choices of the flavor indices f, f>, f3, and f4,
the first operator in Eq. (28) and the last two operators in
Eq. (29) vanish simultaneously. This indicates that this
3 x 3 matrix actually has to be block diagonal of the form:
(1 x 1) @ (2 x 2). Then, operator Qi renormalizes inde-
pendently of (Qf,QF) and the mixing sets Sy are

S {94, 95} (31)

Here, we keep the original form of O, OF, and OF, as
given in Eq. (19). Ultimately, the construction of eigen-
states of C serves only to show that the mixing sets S5 can
be further broken down, as well as to show relations
between the mixing coefficients of the operators in Sy
and S5 (see Sec. III A).

decomposed into two smaller subsets For chirality preserving actions, the mixing sets Si can

be further decomposed into three sets. We define two types

Sy {Qi k. (30)  of axial chiral transformations
|
A x :eiayS (x
Chiral transformations 1 (U(1) 4): lwf,( ) . Wf.( ) (32)
A () = ()i
Aoy (x) = S (e057) Ly (x)
. . J
Chiral transformations 2 (SU(N) 4): . (33)
A (x) = Zl//f (x)(e™rs™) !

where T is a generator of the su(N) algebra. A four-quark operator with general gamma matrices transforms under the
two chiral transformations as follows:

A (Orr’)fl jj o (Wf]ezaygl'*ezayswf )(szela}’sl"/ l(l}’sl//f ) (34)
Az((’)rr/ ];ci ;2 _ (wa iaysT f'F( iaysT ) f‘/’f)(Z‘//f lm’sTa) fzr*/(elays ) fl/lf) (35)
T If
where
. . Fa ’ F = 0
e""}’sre’m’i = { . {ys } ) (36)
Le*@s, [ys,I =0
) [(e—iarsT ) Ji(egtarsT ) f’, y5, 1} =0
(eiesT) ST (eiesT) I — { ( J{ (e ) f;/ {rs.T'} ' (37)
3 l—‘(el(l]/g )/ l( iays )f3 , [ys,r] =0

By selecting a diagonal generator (7¢) fIfZ = Ay, 67,2, where vazfl 2; = 0, and 4; € R, Eq. (37) can be simplified by using
the following relation:

(eiia}’s )ffl( elarsT ) f :5ff15f3f/ei”(iﬂf|+/1f3)75‘ (38)

/3
Then one can show that the operators or combinations of operators listed in Table III are eigenstates of A, or A, (when T is
diagonal). Eigenstates with different eigenvalues cannot mix. Using A;, we conclude that the operators {QF, O, Q5 } are
renormalized separately from {Q3, Q5 }. Furthermore, using A, with a diagonal T and A;, # (7., 4s,). As, # (d1,. 7,), We
conclude that operators Q5" are also renormalized independently of { Q5, Q5 }. The conclusion that (Qy4, Q5) do not mix with
(01, Q,, O3) for any 4; follows also from the A, symmetry, without having to rely on the anomalous .A; symmetry. Thus, the
5 x 5 mixing matrices for the scalar operators of the sets S are block diagonal of the form: (1 x 1) @ (2 x2) @ (2 x 2),
similar to the case of pseudoscalar operators. The three subsets of S7 are summarized below
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TABLE III. Eigenstates of .4, and A, chiral transformations with their corresponding eigenvalues.
Eigenstate of A, Eigenvalue Eigenstate of A, Eigenvalue
QT—L 1 Qli + Qli et =g —hpy +ipy )
of 1 0f - OF o i0(=Ay =Ry Ay +Ay,)
Qg: 1 (Q; + Q;r) + (QE + QZ_) eim('*'}“.f]_ﬂfz_/lﬁ +Af4)
o ! (0F +Q5) - (07 + Q3) it~ i)
Q3i 1 (Q;r + Q;) + (Q; + Q;) eiia(+ﬂf1_lfz+lf3_ﬂf4)
Q%t 1 (Q3+ + Q;) _ (Q3_ + Q;) eiia(-%—/l,]—/lfz—/lf} +Ag,)
Qf + Qit etida fo + Qf eTial 2y gy F oy +2y,)
Qilt _ Qit o~ Q} _ Q} e—ia(+/1f] g, FAg ts,)
Q§E + Qsi e tida Qsi + Qsi oA gy Ay g,
Qgc — Qgc p—ida ng _ Qsi e~ la(F Ay gy gy +hp,)
St {07}, (39) where the subtracted trace terms simply vanish. As a
result, operators QF and QF are reduced to the
St (0%, 0%}, (40) operators studied in our previous work [19]. Note
that not all representations have AF = 2 operators.
5= (0% 0%). (41) In particular, O{r,r/} =0 when f| = fyor f3 = fa4,
fer 134255 O[?,r’] =0 when f;=f,, and (9[}’1-,] =0 when

The eigenstates of the chiral transformations given in
Table III can be used to extract relations between the
mixing coefficients of the scalar and pseudoscalar oper-
ators, as discussed in Sec. III A. We mention that in the
above analysis we have deduced the mixing pattern of the
four-quark operators without appealing to flavor switching
symmetries applied to operators with distinct flavor indices
f1> f2, f3» fa, as was done in older papers.

Given that not all lattice actions are chirally invariant, we
do not employ chiral symmetry for determining the mixing
matrices. Thus, in what follows we consider the 8 mixing
sets ST, S5, S5, and S5.

D. Operators for flavor-changing processes

The operator basis formulated in the previous subsec-
tions for the traceless representations of the flavor group
allows one to study three cases of four-quark operators,
which are involved in flavor-changing processes. We
remind the reader that the operators studied in this work
support representations which cannot have mixing with
lower dimensional operators; even in these representations
we encounter not only operators with AF = 2, but also
with AF =1 and AF = 0. The three cases are

(i) Case 1: fi & {f3,f4} and f> & {f3, f4}. This case

contains operators with AF = 2, when (f| = f, or
f3 = f4), and operators with AF =1, when
(f1, f2, f3, f4) are all different. The traceless oper-
ators of Egs. (13), (16) are simplified to

O = Of (42)

yt
O{r,r’} = O{ir,r'}v [rr)e

f3 = fa. Consequently, O;, 9O, 93, and Q3 are
not AF = 2 operators. Similarly, operators Qj , Q;“
are AF =2 only when f3; = fy4, and Q;, O3 only
when f; = f>.

Case 2: (fy €{fs.fa} and fr€{f5 f4}) or
(f1€{f3, f4} and f, & {f3,f4}). This case con-

tains operators with AF = 1. The traceless operators
of Egs. (13), (16) are simplified to

(i)

. 1 _ .
+ _ Mt + +
O{Fr’} - O{r,r'} - N;+2 O{r,r’}’ O[F,F’]
1 -
= O?:F.F’} - N_f Oflt—‘,l—‘/] P (43)

where the subtracted pure trace terms are eliminated,
thus simplifying operators Qi and QF accordingly.
Case 3: (f1, f») are pairwise equal to (f, f4). This
case contains operators with AF = 0. There are no
simplifications in the definition of the traceless
operators of Egs. (13), (16); all terms survive.

We note that each of the four O representations contains at
least some operators belonging to case 1, i.e., operators in
which the Kronecker deltas multiplying trace contributions
have a vanishing value. This means that operators support-

ing the same O representation but having different values of
AF share the same renormalization, since they transform
under the same representation of the flavor group. Then it is
natural to extract the mixing matrices using the simplest
case of operators, i.e., Case 1, where all subtracted trace
terms are zero. Thus, our analysis developed in Ref. [19]
can be also applied to all traceless operators of AF < 2.

(iii)
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III. RENORMALIZATION SETUP

In the following, we establish the setup for the renorm-
alization of the scalar and pseudoscalar four-quark oper-
ators OF and QF. We define the corresponding mixing
matrices and specify the Green’s functions that must be
computed to construct a gauge-invariant renormalization
scheme.

A. Mixing matrices
By considering the mixing sets {Q7,05,05,07.0% },
{9F}.{95,95}.{Q7. 9%}, derived in the previous sec-
tion, the 5 x 5 mixing matrices Z* (Z%), which renorm-
alize the scalar (pseudoscalar) operators, Q,-i (Ql-i), where
i=1,...,5, take the following form:
Zli1 Zli2 Zt

Zi Zi

For chirally invariant actions, the Z* matrices take the same
block-diagonal structure of the Z* matrices, as concluded
in Sec. I C. The corresponding renormalized operators,
Q*R (Q*R), are defined via the equations

=7, O CR =25 0n (45)
where [,m = 1,...,5 (a sum over m is implied).

The symmetries studied in the previous section can give
us specific relations between the elements of the four
mixing matrices Z*, Z*. As we conclude in Sec. IIC,
operators Q; , Q3+ are related to Q;, Q3 under charge
conjugation; in particular, the following combinations are
eigenstates of C with eigenvalues C = +1:

15 +\f1f F\/f3S +\/1f F\/3/f. _
- (@) (@ (@) +(Q )y, C=+1
21 42 423 Loa 4o
(46)
zZr = Zi thz Zi Z§E4 ths )
Zh Zp Zi Zy Zi
+\f1/2 F\/f3/f. +\/f1f F\/f3/f. _
ZE 7h 7% 7% 7% (@) + (s ()= (). €=-1
47
ZE 0 0 0 0 (47)
+ +
0 2n 2n 0 0 Combinations with C = +1, cannot mix with the combi-
zZE = 0 23 Z5 0 0 (44)  nations with C = —1 and vice versa. This restriction can
+ + give us relations between elements of the plus and minus
0 0 0 25 zi
N N mixing matrices. As an example, we consider the C-odd
0 0 0 25 25 renormalized combination
|
.R —R\f3fs _ — —\/3/f — —\/3/f
(Q R + (@0 = ZH(QDRf: + ZH(Q + Zn(@) + Z5( )
1 ) 1 ) .
=5 (25 + 2@ + ()R] +5 (25 - Z0)(Q)1f: — (2R
1 3 _ 1 _ . _
+5 (25 + ZR) () + ()RR +5 (B - Za)(QDFF — ()R] (48)

The second and third terms in the rhs of Eq. (48) are C-even
and thus, must vanish, leading to

23 =25, 2y =25 (49)
Similarly, one can show that
233 =235, Z3 =-Z3. (50)

These relations have been also proved in Ref. [46] for a
particular renormalization scheme, RI', as well as in
Ref. [47] by considering chiral symmetry. Our proof is
more general since it does not refer to a specific renorm-
alization scheme, and it is also valid in regularizations
which explicitly break chiral symmetry.

Further relations between the mixing matrices can be
derived by using chiral transformations. In particular, it can
be shown, by considering the eigenstates of .4, constructed
in Table III, that the mixing matrices of the scalar operators
coincide with those of the pseudoscalar operators, i.e.,

+ _ 7+
Zi = Zf. (51)

This relation is only valid for chirally invariant actions.

B. Gauge-invariant renormalization scheme (GIRS)
In this work, we utilize a gauge-invariant renormaliza-
tion scheme (GIRS) to determine the mixing matrices Z*

and Z*. GIRS was introduced by our group in Ref. [40], by
extending previous coordinate-space prescriptions [42—45],
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and has been applied so far in the renormalization of
various composite operators in QCD (quark bilinears [40],
energy-momentum tensor [40], AF = 2 four-quark oper-
ators [19]), as well as in the supersymmetric Yang-Mills
theory (gluino-glue operator [39], Noether supercurrent
[41]). It is based on calculations of vacuum expectation
values (vev) involving two or more gauge-invariant oper-
ators at different spacetime points, where the separations
between these operators define the renormalization scale(s)
of the scheme. GIRS is especially useful in lattice regu-
larizations in which nonperturbative determinations of the
mixing matrices can be obtained. Since the scheme is
inherently gauge invariant, it obviates the need for gauge
fixing, thereby avoiding issues related to Gribov copies in
lattice numerical simulations, as well as considering mixing
with gauge noninvariant operators.

When operator mixing occurs, one needs to consider a set
of conditions involving more than one Green’s functions of
products of gauge-invariant operators. Vev must be singlets
under the flavor group because any flavor rotation can be
absorbed through a change of variables in the functional
integral. Therefore, to obtain a nonzero vev, the tensor
product of the representations of the operators in a Green’s
function must contain the trivial (singlet) representation. In
our study, the determination of the 5 x 5 mixing matrices
Z* and Z* requires the calculation of not only two-point
Green’s functions with two four-quark operators, but also
three-point Green’s functions with one four-quark operator
and two lower dimensional operators, e.g., quark bilinear
operators:

(Or)/1y,(x) =9 (x)Tyy, (x).

There are different possible choices of these Green’s

functions (see below), and thus different variants of
|

(52)

(G o Ve = [ @300+

j f?f4fzf4

3pt flfsz /
G 12(z4,2
(Goror Or)ffqu4 o

( G2pt

)flfzf fz(
& p patif

3pt frfasfi s
(G 1 2
OFQ OFVS f?f4f;f4

N —_—
where z = (Z,z4), 2 = (2. 2)),

GIRS can be realized. The tensor product of two represen-
tations R;, R,, can contain a singlet only if R, is the
conjugate of R;. Thus, the two four-quark operators in the
two-point Green’s functions must be selected appropriately
[see Egs. (53), (55)]. Two-point Green’s functions with one
four-quark operator and one quark bilinear operator are not
considered since they vanish for the traceless four-quark
operators studied in this work. This is understood since the
tensor product of a traceless four-quark operator with a
quark bilinear operator (traceless or pure trace) cannot
contain a singlet representation, leading to a zero vev. On
the other hand, the tensor product of one four-quark operator
and two quark bilinear operators can contain at most one
singlet representation. All operators in the Green’s functions
are placed at different spacetime points, in a way as to avoid
potential contact singularities. Also, to reduce statistical
noise in lattice simulations, integration (summation on the
lattice) over time slices of the operator-insertion points in all
Green'’s functions has been employed. Although the inte-
gration does not filter out long spatial separations of the
operators involved, the resulting correlators are safe from
long-distance effects, if the time separations are small
enough (K Agcp, Where Agcp is the QCD physical scale).?
This is true even for zero masses. In fact, integrating over the
spatial coordinates implies that the correlators are Fourier-
transformed at a fixed spatial momentum, in particular at
zero momentum. These correlators then receive contribu-
tions from intermediate on-shell states with fixed momen-
tum, and one can show that for small time separations, the
dominant contribution comes from high-energy states,
typically with energies on the order of the inverse of the
time separations. These contributions are short-distance and
thus, perturbation theory can be safely applied. The Green’s
functions under consideration are

@ehr], (53)

)= [ @7 [ @700y QD LAEO 2 (5= ), (54)
0= [ ex(@nfheralepfim]). (59)
)= @7 [ @T(©00) 0+ @I EWO) x=2). (50

74> 0,24 >0; 4 jruns from I to 5 and i < j; T €{1,ys5.7,,7,/5, 0, }. The Hermitian

conjugate operator taken in the two-point Green’s functions [Egs. (53), (55)] ensures that a flavor singlet representation exists
and thus vev is nonzero. The representations supported by the scalar operators Qi are self-conjugate, while the
representations supported by Q" and Q; are conjugates of each other. The gamma matrices of the quark bilinear operators

*We are grateful to Vittorio Lubicz for identifying this issue and providing its resolution.
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g9

FIG. 2. Feynman diagrams contributing to (Opp(x)O" ~(y))
T

, to order O(¢

JQ

) (diagram 1) and O(g*) (the remaining diagrams).

Wavy (solid) lines represent gluons (quarks). Diagrams 2 and 4 have also mirror variants.

FIG. 3. Feynman diagrams contributing to (Op (x)Op(0)Op (y

, to order O(¢°) (diagram 1) and O(g?) (the remaining diagrams).

Wavy (solid) lines represent gluons (quarks). A circled cross denotes the insertion of the four-quark operator, and the solid squares
denote the quark bilinear operators. Diagrams 2—5 have also mirror variants.

in the three-point functions have been selected in a way as to
give nonzero values. Similarly, flavor indices (f;, f5) and

1> f5) must be pairwise equal to (f}, f}) and (f3, f4),
respectively. Note that all pairwise matchings of flavor
indices will be equivalent (up to a group-theoretical factor),
since there is only one flavor singlet that can be built out
of the tensor product representations appearing in the above
4 equations.

In order to determine a consistent and solvable set of
nonperturbative renormalization conditions, we need to
examine multiple choices of three-point functions with
different bilinear operators; such choices define different
variants of GIRS. In Ref. [19], we have performed a next-to-
leading order (NLO) perturbative calculation of all possible
Green’s functions derived by Egs. (53)—(56), for the oper-
ators of case 1 (see Sec. II D), in dimensional regularization
(DR) and we have determined NLO conversion factors from
different variants of GIRS to the MS scheme.

The Feynman diagrams contributing to the two-point
functions of the four-quark operators, to leading order (LO)
O(g°) (diagram 1) and to the NLO O(g?) (the remaining
diagrams), are shown in Fig. 2. Likewise, the Feynman
diagrams contributing to the three-point Green’s functions
of the product of one four-quark operator and two quark
bilinear operators are shown in Fig. 3. For simplicity, we
have not drawn separate diagrams to specify which quark/
antiquark appearing in the definition of the four-quark

operators is contracted in each fermion propagator. Thus, in
each diagram, it is understood that all possible ways of
contracting the quark/antiquark fields of the operators are
summed over. The Green’s functions are gauge-independent
at each perturbative order; indeed, terms dependent on the
gauge parameter cancel out upon summation of the Feynman
diagrams.

For a generic flavor-group representation of the four-quark
operators, i.e., operators O, O, and O [see Eqgs. (13)~(17)],
additional Feynman diagrams must be considered. In Fig. 4,
we display representative Feynman diagrams contributing
nontrivially to two-point and three-point Green’s functions.
These diagrams arise at order O(g?), and illustrate cases
where the contributions do not vanish in dimensional
regularization or by color algebra alone (e.g., by Fierz
rearrangements). However, these diagrams do vanish for the

traceless representations under study () because they
correspond to a partial trace of a traceless operator. This
feature is independent of the number of gluon exchanges
between quark lines.

When performing calculations in DR, one needs to
define y5 in D dimensions. In our study, we have employed
the t’Hooft-Veltman (HV) prescription [48], in which the
following commutation/anticommutation relations of y5 are
valid

{rs.r,} =0, u=12734, [rs.7,]=0, u>4. (57)
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5
CO O
= (2

FIG. 4. Representative Feynman diagrams contributing to two-
point and three-point Green’s functions at the next-to-leading order,
O(g?). Wavy (solid) lines represent gluons (quarks). The four-quark
operator Opp is indicated by a circled cross. Bilinear operators,
Or are denoted by solid squares, while solid circles correspond to
interaction vertices from the action. The first row shows examples of
two-point Green’s functions of the form (Opp (x)O;Lf, (v)). The
second row includes diagrams for two-point Green’s functions
between a four-quark operator and a bilinear, (Opp (x)Oi[(y))
The last row illustrates three-point Green’s functions involving one
four-quark and two bilinear operators: (Op(x)Orp (y)Op(z)). All
these diagrams do not vanish in dimensional regularization (DR) or
by color algebra (e.g., by Fierz rearrangements), but they do vanish

when the four-quark operator is traceless due to the presence of
partial traces over a traceless operator.

This choice does not lead to algebraic inconsistencies with
ys-odd fermion traces [49], as in the naive prescription of
DR (NDR). However, it violates chiral symmetry and, thus,
the mixing matrices Z* are no longer block diagonal, and
Eq. (51) is not necessarily valid in DR with the HV
prescription. However, these properties are not violated
for the one-loop® mixing coefficients in the MS scheme
with HV prescription, as concluded by our calculation. One
can restore the chiral properties of the scalar operators in
the HV prescription by multiplying with appropriate finite
conversion factors. These factors can be extracted from our
calculation to NLO. We note that in our study Lorentz

“Here and below, “one-loop” indicates O(g?) calculations,
even though the Feynman diagrams shown in the figures actually
contain more loops.

indices appearing in the definition of the four-quark
operators and quark bilinear operators, as well as the scales
z, 7 are taken to lie in 4 instead of D dimensions, which
simplifies the trace algebra in this prescription.

Another complication of DR is that four-quark operators
can also potentially mix with evanescent operators, which
emerge at finite values of the regulator €, where D = 4 — 2e¢.
In higher perturbative orders, the presence of evanescent
operators must be taken into account when working with
regularizations defined in D dimensions [49-51]; in par-
ticular, one can define ‘“evanescent-subtracted” operators
[20,52], for a more direct matching to other regularizations.
The basis of evanescent operators is arbitrary, and each
choice can lead to a different renormalization scheme. For
the NLO calculations in DR, all O(1/¢) divergences can
be removed from Green’s functions involving the 4-fermi
operators without recurrence to evanescent operators, so
that the latter amount to inducing at most a further finite
renormalization in MS. For renormalization studies of
four-quark operators including evanescent operators, see
Refs. [2,20,51-54].

IV. RENORMALIZATION CONDITIONS
AND RESULTS

In this section, we construct all possible sets of renorm-
alization conditions in GIRS based on the calculated coor-
dinate-space Green’s functions. This results in several GIRS
variants, including a democratic version discussed in
Sec. IV C. For selected variants with reduced operator mixing,
we provide the conversion matrices to the MS scheme.

A. GIRS renormalization conditions

As explained in Sec. IID, operators that transform
under the same representation of the flavor group share
the same renormalization. Thus, the determination of the
mixing matrices in a renormalization scheme can be
implemented considering specific members of each flavor
multiplet. Consequently, we construct renormalization
conditions in GIRS by selecting only four-quark operators
with f1 & {f3,f4} and f5 & {f3, fs} (case 1), in which
trace terms vanish. These can be AF =2 operators
(f1=f> or f3=f4; see Sec. IID on their possible
existence) or AF = 1 operators with (f, f2, f3, f4) all
different. These choices lead to the calculation of the same
contractions among mass-degenerate quark/antiquark
fields, but multiplied by different prefactors; thus, they
will amount to different values of the calculated Green’s
functions. However, they all lead to the same mixing
matrix, since the factors of difference between the
Green’s functions of the two choices are canceled by
their LO values used in the renormalization conditions
[see Egs. (58)—(59), (63)—(67)]. We note that the renorm-
alization conditions can be constructed alternatively by
using the operators of case 2 or 3. The latter choices
will lead to the calculation of the same Feynman diagrams
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(and the same contractions among mass-degenerate quark/
antiquark fields); additional disconnected diagrams will be

zero for the traceless O representations. From the lattice
simulation point of view, it is not clear which option can
give a better signal. However, given that case 1 operators
have no explicit trace terms, they are expected to be a
preferable choice. The selected case is the one studied in our
previous work [19]. In the following, we discuss different
choices of renormalization conditions based on that work.
Additionally, a ‘“democratic” version is presented in
Sec. IV C. The conditions are defined in a regularization
free of evanescent operators and with explicit chiral-sym-
metry breaking. The flavor indices are omitted for simplic-
ity. It is understood that they are selected in a way that the
two-point and three-point Green’s functions are not zero

[see flavor structures in Egs. (60)—(61), (68)—(69)].
In the case of scalar operators (QF), the mixing
matrix Z* is 5x 5 for both Qf and Q7. Therefore, for
|

5
3 3 3
G pt (1,1)]RS = ZGIRS 2 Z Zﬁ)GIRSGOPl 0i:0r (t.7) = [Gop:;Qii;o

Or;01:0r
k=1

each case, we need 25 conditions to obtain these mixing
coefficients. Computing the relevant two-point Green’s
functions, we extract 15 conditions, and hence, we need
another 10 conditions that will be extracted from
relevant three-point Green’s functions. The 15 conditions
in GIRS, which include two-point Green’s functions, are
the following:

5
2pt _ 2pt
G Qp,.i;Qi )|OIRS = ;:1 (2%)OTS (2£)OIRS G ka - (1)
_ G2Pt ¢ free’ 58
[ Qii;jS( )] ( )

where i, j run from 1 to 5 and i < j; z4 =t is the GIRS
renormalization scale. We have a variety of options for
selecting the remaining 10 conditions involving three-
point Green’s functions

l-(t’ t/)]free, (59)

where i €[1,5], T €{1,75. 7. ¥m¥5> Opun> Oma } (m, n are spatial directions), and z, = 1, zj, = ¢’ are GIRS renormalization
scales. A natural choice is to set ¢ = ¢, leading to one scale. More general relative values of ¢ and 7 are investigated in

Ref. [19]. ZGIRS is the renormalization factor of the bilinear operator Or calculated in Ref. [40]. [Gzl[’t ]free and

3pt
[GOFLQ[i;O

theory, where O(¢
calculation

2pt N

Cor 0

[ G3pt

fi
OO (Z Z)} ree __

where the coefficients af;; ¢ and dif., are given in Tables IV
and V. Note that three-point functions which include
temporal components of vector (V) and/or axial-vector
(A4) operators vanish (under integration over time slices)
and thus they are omitted from Table V, leaving only the
spatial components (\7,2).

From Eq. (59), we can obtain a total of 30 conditions
with nonvanishing three-point functions containing one
of the 5 scalar four-quark operators Q; and one of the
6 possible choices of quark bilinear operators Or
with T € {1, 75, ¥,n» Ym¥5> Opns Oma}- Thus, there are
30!/(10!120!) = 30,045,015 different choices for
obtaining the remaining 10 conditions from the three-
point functions. However, some choices include linearly
dependent or incompatible conditions leading to infinite or
no solutions, respectively. This potential incompatibility is

Jfree appearing in the rhs of Eqs. (58) and (59), are the values of G

ﬂ4;6 (817,872, 811 7,8% 1) (87,118, 12 + 6,728,, 1) (dip +

07:07
3t in the corresponding free

Qi and G Or:0#:0r

"),n > 0 contributions are absent; we provide below the free- -theory values, as extracted from our

(1)]free = P (8N 825 £ 801,802 ) (8,716,726, 156,11 (afiy + afy N, (60)

zFlN ) (61)

further illustrated in Sec. IV C. By examining all cases in
one-loop perturbation theory, we conclude that there are
205,088 choices of conditions, which give a unique
solution.

Even though all solvable systems of conditions are
acceptable, it is natural to set a criterion in order to select
options which have better behavior compared to others. In
practice, one can choose the specific conditions that
provide a more stable signal in numerical simulations.
From the perturbative point of view, such a criterion can be
the size of the mixing contributions. To this end, we
evaluate the sum of squares of the one-loop finite terms
in the off-diagonal elements of the GIRS mixing matrices
(or equivalently the one-loop off-diagonal coefficients in
the conversion matrices, which are given in the next
subsection) for all the accepted cases, and we choose the
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TABLE IV. Numerical values of the coefficients a:: 5, and a at T
appearing in Egs. (60), (68). Values of i and j for which all
coefficients vanish have been left out.

TABLE V. Numerical values of the coefficients df.; and d,r I
appearing in Egs. (61), (69). Values of i and I for which all
coefficients vanish have been left out.

i J “?]E';o a$;1 zi; 0 ﬁ 1 i r diir;o d};l Zl;‘?;o a?l:“;l
1 1 +7/32 7/32 +7/32 7/32 2 S Fl/16 0 +1/16 0
2 2 0 7/32 0 -7/32 3 S 0 1/32 0 -1/32
) 3 +7/64 0 17/64 0 4 S F1/64 1/32 +1/64 -1/32
3 3 0 7/128 0 ~7/128 ; f, ﬁﬁé 8 ]F3(§ 32 8
4 4 F7/256 7/128 F7/256 7/128 3 P 0 -1/32 0 0
4 5 +21/128 0 +21/128 0 4 P Fl/64 1/32 0 0
5 5 +21/64 21/32 +21/64 21/32 5 P +3/32 0 0 0
1 4 +1/72 1/72 +1/72 1/72
2 Vv 0 1/72 0 -1/72
cases with the smallest values. We found that, in general, 3 v F1/144 0 +1/144 0
the sums of squares among different choices are compa- 1 i +1/72 1/72 0 0
rable. We provide below one of the options that give i 0 ~1/72 0 0
the minimum sum of squares, i.n which. the following 4 1 +1/144 0 0 0
10 renormalized three-point functions are included 4 T +1/576 0 +1/576 0
5 T +1/288 1/144 1/288 —1/144
Gls(t0 Gl (b0 Gl (020 e /
Gl D), Gl (1),
= = operator, which is multiplicatively renormalizable; thus,
G;f)tQ%t; (1), G*;f)tQSi; (1), Gi)l?tjS : H(6 1), only 1 condition is needed and can be obtained from a two-
3pt' 3t point function. The second and third blocks each contain
GV,»;Qsi;V,-(t’ ok GA,.;Q;;A,-O’ ), (62)  two operators, requiring 4 conditions per block to deter-

In the case of the pseudoscalar operators (Q5), the 5 x 5
mixing matrix Z* is decomposed into three blocks for both
QF and Q7. The blocks contain: {Q;}, {Q,, O3} and
{Qy, Qs}, respectively. The first block includes only one
|

mine the mixing coefficients. Three of them will be
extracted from two-point functions, while the remaining
one condition requires the calculation of a three-point
Green’s function. The conditions that include two-point
Green’s functions for each block are the following:

2 2 2
(G2 0 (NS = [(Z1) PG 4. (1) = (G g (0], (63)
3
2 GIRS 2 2 .
(630 (17 = 3 (ZDS(Z TG () = (GG g ™ (1 =2.3) (64)
5
2pt GIRS _ +\GIRS ( 4\ GIRS (2Pt — [0t fi N
[Ggii;gji(t)] = I;(Zik) (Z3) ngi;gli(t) = [GQii;Qj_i ()]s, (i,j=4,5), (65)
where i < j. The possible conditions that include three-point functions for the second and third blocks are
3
3pt GIRS — GIRS GIRS +)\GIRS (73pt
(Gergr 0y, (1110 = ZGRSZGES H(z DG o0, (1)
3 .
= (68 g, (BN (i =20r3). (66)
5
3pt GIRS _ GIRS GIRS +\GIRS (~3pt
[GOF;Q‘#;OM(t )] =75 2oy, 2 4(2 ) GOF 0 Or/s(t’ )
3 .
= (G gy, (11N (i=dor5), (67)
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where ' € {1,7,,,6,,,} (m, n are spatial directions). As in the scalar operators, we simplify the conditions by setting ' = .

Jfree and [GF" e, appearing in the rhs of Egs. [(64)~(67)], are given below, as

~ 2pt
The free-theory values [G 0100y,

9595
extracted from our calculation

2] Tee ) ) / / / N -
[Ggﬁizgf(t)]f = 6|,|9 (671 5,672y £ 6167 ) ((=1)%24%08, 118 > £ 671287 11) (@ + @i N.). (68)
(Goror0,,, (101 = ,;4;6 (87 1,85, £ 671 5,87 ) ((=1)°2 908,116 12 £ 87,728, 1) (dipg + dipaNe). (69)

where the coefficients El?;; « and El,-ir; « are given in Tables IV and V.

From Egs. (66)-(67), we can obtain a total of 6 alternative conditions for each of the 2 x 2 blocks {Q,, O3} and
{Qy4, Qs} with nonvanishing three-point functions containing one of the 2 four-quark operators in each block, Q;, and one
of the 3 possible choices of quark bilinear operators O with " € {1,7,,, ,,, }. However, as it turns out from our calculation,
only two conditions for each block give a unique solution. Applying the same criterion, as in the scalar operators, we
provide below the option that gives the smallest sum of squares of the off-diagonal coefficients, in which the following
renormalized three-point functions are included:

3pt
GP

3
S;in;PO’ t>’ GSl;)tQ?;P(t’ t)‘ (70)

B. Conversion matrices
In order to arrive at the renormalized four-quark operators in the MS scheme (which is the typical scheme used in

phenomenological work), the conversion matrices (C*)MSGIRS and (C+)MSGIRS petween GIRS and MS schemes are
necessary

(Zi)M_S — (Ci)M_S,GIRS(Zi)GIRS’ (Zi)M_S — (C:I:)M_S,GIRS(Zi)GIRS. (71)

These can be computed only perturbatively due to the very nature of MS. Being regularization-independent, they are
evaluated more easily in DR. The conversion matrices, along with the lattice mixing matrices in GIRS, calculated
nonperturbatively, allow the extraction of the lattice mixing matrices in the MS scheme.

We calculate the one-loop contributions to the conversion matrices by implementing all possible sets of conditions in
GIRS. These can be extracted by rewriting the GIRS conditions, given in the previous subsection, in terms of the conversion
matrices

5

G MS 2
[ Pt Qi (t ];_1 C?I:{ MS GIRS C%)MS,GIRS [GQI;;Qli (t)]free’ (72)

5

3 3
[Goprt;Q,.i;Or([’ t)] CMS GIRS 2 kz:l Ci MS, GIRS Oprt;Qki;O (t t)]free (73)

2 5 2

pt MS GIRS ( 7+ \MS.GIRS [ ~2pt i
e, Qi(t k;l (C4) (G g (01, (74)
3pt MS M_S,GIRS MS, GIRS +\MS,GIRS 3pt fi

(Gororon, (101 = (Co; (s Z(C ) (Gorarop,, (1 017 (75)

MS,GIRS
COr

where is the conversion factor of the quark bilinear operator O calculated by us to one loop in Ref. [40]

2
- 95=Cr (1
MS,GIRS IMS T [ _© 212 + 4

Cy =1+ < 5 +3n(z t)+67’E> Oldis): (76)
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TABLE VI. Numerical values of the coefficients giij;k, ht

appearing in Eq. (81).

ij:k
i J giij;—l giij;o giij;+1 hiij;—l hiij;o hii;;ﬂ
1 1 ~869/140 +£379/140 7/2 3 T3 0
1 2 2 F(723/280 — 61n(2)) -2 0 0 0
1 3 —723/140 + 121n(2) 0 0 0 0 0
1 4 —4 +4 0 0 0 0
1 5 -2 +2 0 0 0 0
2 1 397/280 + 61n(2) +£(163/280 — 61n(2)) -2 0 0 0
2 2 —9/2 +2 7/2 -3 0 0
2 3 4 F2 0 0 F6 0
2 4 4 +8 0 0 0 0
2 5 -2 0 0 0 0 0
3 1 -1 +1 0 0 0 0
3 2 1 +99/280 0 0 0 0
3 3 -38/35 +2 251/140 -3 0 3
3 4 4 +239/280 —321/140 0 0 0
3 5 0 F239/560 0 0 0 0
4 1 -1 +1 0 0 0 0
4 2 1 F239/280 0 0 0 0
4 3 4 +2 —799/140 0 0 0
4 4 -307/112 4+ 31n(2) +169/140 251/140 -3 ¥3 3
4 5 ~269/480 + 1/21n(2) +£(869/1680 — In(2)) 0 1 F1/2 0
5 1 -6 +6 0 0 0 0
5 2 -6 0 0 0 0 0
5 3 0 F 12 0 0 0 0
5 4 ~269/40 + 61n(2) F(29/140 — 121n(2)) 0 12 +6 0
5 5 —1229/240 — 31n(2) +309/140 1709/420 1 F3 -1
(Cl;i;)MS,GIRS
2 +1

2
S 9<Cr (15
CYSGIRS _ 1 4 “MS T <— +31In(@2?) + 6}’E)

1622 \ 2
+O(gh). (77)
$Cr3
MS GIRS __ Ms F2 4

CF,GIRS -1 +ngCF 11 +

ML Og). (19)

2
S 955CF (25 _
CroOs =148 (—6 _ln(ﬂ2t2>_27E>

+ O(giTs). (80)

(yg stands for Euler’s constant.) Note that the conversion

matrix (CS*1)MSGIRS hag the block diagonal form of Z+
[see Eq. (44)]. We provide below our results for the selected
options presented in Egs. (62) and (70)

IMs
51] +—3 167 2 Z gl]k + (ln(/’t t2> +2yE)hljk]Nk

+O(gh). (81)
(Cl:ij: )MS.GIRS

= 51} MS Z gz] k + (ln(/’t t2> =+ 2}/E)hlj k]Nk

" owm), (82)
where the coefficients g?;; 1 hfj; " f}fj; 4 and il?;;k are given in
Tables VI and VII. For other GIRS variants, we refer the
reader to the one-loop results presented in our previous
work [19].

A Dby-product of our calculation is the anomalous
dimension matrices in GIRS at NLO for the four-quark

operators under consideration. The full results and further
details can be found in Ref. [19].

C. A “democratic” implementation of GIRS for
operator mixing

As discussed above, in the presence of operator mixing
there is a vast set of choices for alternative renormalization
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TABLE VII. Numerical values of the coefficients gl.ij;k, ﬁf;;k appearing in Eq. (82).

i ] giij;—l giij;o giij;-%—l hiij;—l hijj;o hiﬂj;ﬂ
1 1 —869/140 +379/140 7/2 3 T3 0
2 2 -9/2 0 7/2 -3 0 0
2 3 0 F2 0 0 F6 0
3 2 0 +99/280 0 0 0 0
3 3 —38/35 0 251/140 -3 0 3
4 4 -307/112 4 31n(2) +169/140 251/140 -3 F3 3
4 5 —269/480 + 1/21n(2) +(869/1680 — In(2)) 0 1 F1/2 0
5 4 —269/40 + 61n(2) F(29/140 — 121n(2)) 0 12 +6 0
5 5 —1229/240 — 31n(2) +309/140 1709/420 1 F3 -1

conditions which can be employed in order to establish the
mixing matrix. In this subsection we propose a particular,
natural choice which treats all mixing operators on an equal
footing. Our approach can be generally applied to any case
of mixing; as a by-product, it also has the advantage of
providing an explicit solution of the quadratic coupled
equations stemming from the renormalization conditions,
thus leading directly to the values of the elements of the
mixing matrix.

As a prototype case involving n operators, we will
consider Q; (i =1,...,5). A total of n?> conditions are
required to determine the elements of the n x n mixing
matrix Z; the most natural choice for n(n + 1)/2 of these
conditions entails the two-point Green’s functions defined
in Eq. (53) and denoted here as G;; for brevity. In concise
matrix notation, Eq. (58) reads

ZGZ" = Giree (83)

One can easily check that, by its definition, G is a real and
symmetric matrix’ and it is positive semidefinite; these
properties hold both nonperturbatively and to any order in
perturbation theory. Therefore, the square root of G, with
nonnegative eigenvalues, is uniquely defined, and it is a real
symmetric matrix. Defining

Z' =Gy\l’zG',

free

there follows: Z’Z'T =1.  (84)

Thus the conditions stemming from two-point Green’s
functions simply dictate that Z' be an orthogonal matrix:
Z'€SO(n). This requirement indeed corresponds to
n(n+1)/2 constraints on the elements of Z', leaving
another n(n — 1)/2 degrees of freedom [same as the dimen-
sion of SO(n)] to be determined. For this determination, we
turn to the three-point functions, defined in Eq. (54). For

3)

brevity, we will denote them as G;,, where i = 1, ..., n runs

over the number of mixing operators (n = 5 in the case at

*To this end, one must also make use of the fact that the
vacuum expectation value in G, being necessarily a flavor singlet,
forces the 8 implicit flavor indices of G to be pairwise equal.

hand) and ¢ = 1, ..., A (A > n) runs over the different types
of independent three-point Green’s functions under consid-
eration; in our case, A = 6, corresponding to the bilinears:
T E{1,75,7msYmVs> Omn> Oma } (m, n are spatial directions).

In terms of G,(.?a), and of the bilinear renormalization functions

Z,, Eq. (59) reads

La

223" 7,6 =GR (85)
k=1

We reiterate that, out of the n x A conditions embodied in
this equation, only a choice of n(n — 1)/2 mutually com-
patible conditions must be imposed, in order to arrive at a
unique solution for the elements of the matrix Z. Defining
further the rectangular matrix

G =723 "(G12),GP, (86)
k=1

Eq. (85) simply becomes
7'GB) = GB)free (87)

Given that Z’ is an orthogonal matrix, it leaves invariant the
lengths of each of the A columns in G, as well as the inner
product between any two columns. It is thus clear that these
lengths and inner products cannot be compelled to become
equal to their LO (“free”) values, through renormalization.
This explains why, among the 30!/(10!20!) sets of choices
of renormalization conditions previously mentioned [more

generally: (n(;‘_xlA) /2)] only a small percentage corresponds to

mutually compatible, nonoverdetermined conditions.
Consequently, denoting by GS),a =1,...,A, each of
the n-component columns of G®), one could require that
at most n —1 of the components of one such column
become equal to their LO value upon renormalization.
[See, e.g., conditions (62), involving three-point Green’s
functions built out of the scalar bilinear (components of
the first column of G®)) and only 4 out 5 Q; operators

(Ql’ QZ’ QS’ QS)]
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Alternatively, an implementation of GIRS which is
“democratic” with respect to the mixing operators is as
follows:

(1) Require that one column of G® (say the first one,

G(13), which involves scalar bilinears) become,
upon renormalization, parallel to its LO counterpart.
This fixes n — 1 out of the n(n —1)/2 parameters
of Z'.

For another column of G©) (say Gg ), which involves
pseudoscalar bilinears), require that its components
perpendicular to the first column become, upon
renormalization, parallel to their LO counterpart.
This fixes n — 2 further parameters of Z’.
Continue likewise for a 3rd,..., (n — 1)th column,
requiring that their components perpendicular to all
previous colums become, upon renormalization,
parallel to their LO counterparts. This fixes all
parameters of Z’, and is compatible with Z’ belong-
ing to O(n).

In order to carry out this implementation, and deduce Z’,
we define recursively an orthonormal basis of n-component
vectors stemming from the above columns, using a Gram-
Schmidt orthogonalization procedure

(i)

(iii)

&= (GY = (G - e))e,

(88)

where the normalization factors \; are such that’: [2;| = 1.
In the same fashion, starting from G®)f*¢ we define the
LO counterparts . Note that the elements of the last
vector ¢, can be exclusively expressed (up to a sign) in
terms of the elements of ¢;, (j < n) without the need to
compute the G,(f); the sign can be determined from the
corresponding LO counterpart &fee

Sl =12 @)

n— 1

= sen|( ee)[ ]1/2. (89)

j:I
The mixing matrix Z’ then simply reads
n

7! = E éfree ® o7

i=1

(90)

®Should any normahzatlon factor vanish, it would signal that the
corresponding column of G does not constitute an independent
set of Green’s functions and should thus be discarded.

It is straightforward to check that Z’ is indeed orthogonal
and that it induces the democratic renormalization pre-
scription described above. Combining with Eq. (84), the
final result for the mixing matrix Z is

Z=GZG .

free

o1

Applying the criterion described in the previous section,
we present below one of the cases that give the smallest
mixing (or, more generally, NLO) contributions

~ ~(3).£ ~(3). ~(3),+ ~(3),+=
(G) (GF) (G5 (G ) (G,

(

1

( 3pt 3pt G3pt )
5,01:8° P :055P° T3 QF T )

(92)

~3pt
GP

~3pt
G
Am;Q?»;Am ’

.OF-
Vi 07V’

It does not really matter which tensor bilinear (7,,, or T ,,,4)
is being used as the fifth set of the three-point functions,
since the computation of the last set is not necessary, as
explained above. In this sense, this choice can be preferable
given that three-point functions with tensor bilinear oper-
ators are expected to be more noisy in simulations. We note
that using three-point Green’s functions with both tensor
bilinears 7,,, and T ,,, does not lead to a compatible set of
conditions. Comparing with the conventional implementa-
tion of GIRS, this version gives a conversion matrix closer
to the unit matrix and, thus, its perturbative evaluation is
more trustworthy. In the democratic version (“D-GIRS”)
our results for this conversion matrix at NLO are given
below, for N, =3

(Ciij)MS,D—GIRS

;2
MS
51’] + ﬁ [g

D:t

D+ 7242 4
ij hij ln(,u t )] + O(.gm)’

(93)
where gD * and hD are given in Table VIII.

Whenever mixing involves only two operators, as is the
case with {Q,, O3} and with {Q,, Os}, this procedure
simplifies considerably. Z’, belonging to O(2), can be

written as
—sin@
cosf )’

In accordance with the above implementation, requiring
7'G'Y to be parallel to G( Jiree

7 (cos 0 (04)

sin @

leads to’

"Due to the fact that, in this case, the two bilinears appearing
in the 3-point Green’s function differ by ys, the quantity Z2 in
Eq. (86) must be replaced by the product of renormalization
functions for each of the two bilinears.
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TABLE VIII. Numerical values of the coefficients gﬁ‘i, hgi TABLE IX. Numerical values of the coefficients g{}i, fzsi
appearing in Eq. (93). appearing in Eq. (97).
I S
1 1 8.829233 -2 10.341535 4 1 1 8.829233 -2 10.341535 4
1 2 —6.617985 0 —5.888148 0 2 2 8.414616 -1 8.414616 -1
1 3 —0.856435 0 0.369876 0 2 3 —5.512302 -6 5.512302 6
1 4 8/3 0 ~16/3 0 32 -1/2 0 1/2 0
1 5 4/3 0 -8/3 0 3 3 13.683070 8 13.683070 8
2 1 —5.810232 0 —1.926914 0 4 4 11.540368 5 16.344397 11
2 2 10.414616 -1 6.414616 -1 4 5 0.057895 -1/6 0.710525 5/6
2 3 —4.178969 -6 6.845636 6 5 4 10.442128 10 —8.222530 -2
2 4 9.993402 0 —6.267724 0 5 5 6.069376 -17/3 8.289952 1/3
2 5 —2/3 0 -2/3 0
3001 2/3 0 —4/3 0
32 -1/6 0 5/6 0
3 3 15.683070 8 11.683070 8 V. SUMMARY—FUTURE PLANS
3 4 —11.656770 0 —10.068253 0 In this work, we present a systematic classification and
35 0 0 0 0 formulation for the renormalization of a complete set of
4 1 2/3 0 —4/3 0 scalar and pseudoscalar four-quark operators that do not
4 2 1/3 0 1/3 0 mix with lower-dimensional operators, due to their trans-
4 3 7841580 0 ~13.364817 0 formation properties under the flavor symmetry group
4 4 11.540368 5 16.344397 11 . . .
4 5 0.057895 ~1/6 0.710525 5/6 These operators play an 1rpportant role in phenomenologl—
5 1 4 0 _3 0 cal studies of flavor-changing processes. Employing GIRS,
5 2 ) 0 ) 0 we computed two-point and three-point Green’s functions
5 3 —11.009897 0 12.598414 0 involving four-quark operators and quark bilinears in
5 4 10.442128 10 —8.222530 -2 coordinate space. GIRS is advantageous for lattice regu-
5 5 6.069376 -17/3 8.289952 1/3 larizations because its gauge-invariant nature allows the
nonperturbative determination of the mixing matrices with-
out gauge fixing, avoiding Gribov-copy issues and gauge-
((";(13>free)Tzl(”;(l3) — |(;(13>ffee||(";§3)| — cos noninvariant operator mixing. The operator classification

G(]3)free _ G<,3)

GG

GG -GG o
G161

sinf =

In this case, using our criterion, a possible choice of
Green’s function is

(6(13),:t)' _ &t

{ $:0F:P (96)

for both 2 x 2 sets. Our results for the conversion matrix of
the selected case at NLO are given below, for N, =3

2
Ry < RS 1~ > _
(Cl_ij>MS,D—GIRS — 51’/’ + MS [gg.:t + hgi ll’l(ﬂztz)]

167°
4
+ O, (97)
where gﬁ}i and Eg’i are given in Table IX.

It remains to be investigated whether this “democratic”
variant of GIRS can lead to a more controlled numericgal
error originating from the nonperturbative evaluation of Gl(»;j.

was carried out for a general number of flavors N, and our
analysis extended beyond operators with vanishing trace
parts to include a broad class of AF =1 and AF =0
operators belonging to the same flavor representations.

To address operator mixing, we formulate suitable
renormalization conditions that can be applied in both
continuum and lattice regularizations. In principle, many
such conditions can be defined by choosing different
subsets of three-point functions (since the total number
of conditions does not require using all available three-
point functions) leading to different variants of GIRS. In
our study, we systematically examine all possible variants
within continuum perturbation theory and identify the
choices that yield a definite, self-consistent solution. A
selected version, which has small off-diagonal contribu-
tions to the mixing matrix is provided in Egs. (62), (70).
Another (democratic) version, which treats all mixing
operators (in the three-point functions) on an equal footing
is given in Egs. (92), (96). For all these variants of GIRS,
we have extracted the next-to-leading-order conversion
matrices between GIRS and MS. The conversion matrices,
along with the lattice mixing matrices in GIRS, calculated
nonperturbatively, allow for the determination of the
renormalized physical matrix elements of the four-quark
operators in the MS scheme.
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An important direction for future investigation is the
assessment of the reliability of the GIRS variants in lattice
simulations, particularly in comparison with more conven-
tional renormalization schemes. In a forthcoming study, we
intend to extend the GIRS framework to the renormalization
of four-quark operators that mix with lower-dimensional
operators. This case requires a more refined treatment due to
the presence of power-divergent mixings, which pose addi-
tional conceptual and computational challenges.
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