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In this paper we study a complete set of scalar and pseudoscalar four-quark operators, with a particular
emphasis on their renormalization within a gauge-invariant renormalization scheme (GIRS). We focus on
operators that do not mix with lower-dimensional operators by virtue of their transformation properties
under the flavor-symmetry group. This class includes all ΔF ¼ 2 operators, as well as their partners that
transform under the same irreducible representations of the flavor group. These encompass a substantial
subset of ΔF ¼ 1 and ΔF ¼ 0 operators. The present analysis provides a detailed classification of all four-
quark operators, exploring their Fierz identities, symmetry properties, and mixing patterns. Different
variants of GIRS are explored, including a “democratic” version that treats all mixing operators uniformly.
For selected variants, which exhibit smaller mixing effects, we present the conversion matrices from GIRS
to the MS scheme at next-to-leading order.
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I. INTRODUCTION

The study of four-quark operators plays a central role in
understanding flavor-changing processes, CP violation,
and in probing possible extensions of the Standard
Model (SM). These operators naturally arise in effective
field theories that describe low-energy hadronic inter-
actions, such as the weak effective Hamiltonian, and in
scenarios involving lepton flavor violation and other forms
of beyond-the-Standard-Model (BSM) physics [1]. A
crucial aspect of these studies is the proper renormalization
of composite operators, as their matrix elements depend on
the renormalization scale and scheme. Understanding their
renormalization properties, especially in nonperturbative
regimes, is crucial for matching lattice QCD calculations to
continuum schemes, and for providing accurate predictions

of physical observables. Over the past two decades, con-
siderable effort has been devoted to the perturbative and
nonperturbative renormalization of such operators using
different discretizations on the lattice (see, e.g., [2–16]
and references therein), with notable advancements in more
recent works [17–22].
The matrix elements of four-quark operators within

lattice QCD are essential for connecting experimental
observables to fundamental parameters of the SM, such
as the elements of the Cabibbo-Kobayashi-Maskawa
(CKM) matrix. Among the most prominent examples is
the so-called bag parameter BK, which parametrizes the
hadronic matrix element relevant for K0 − K̄0 mixing. This
parameter is a key input for determining indirect CP
violation in the kaon sector and contributes significantly
to global fits of the unitarity triangle [23–28]. Beyond
kaons, four-quark operators are equally relevant for B- and
D-meson mixing, where their matrix elements enter in the
prediction of mass differences and mixing-induced CP
asymmetries [29,30]. In addition, such operators appear in
many scenarios of physics beyond the SM, where they can
induce flavor-changing effects not allowed within the SM
or modify the strength of existing transitions [31]. As
experimental precision continues to improve, particularly
with new results from LHCb [32] and Belle II, matching
this progress on the theoretical side requires a deeper
understanding of four-quark operators from first principles.
Lattice QCD provides a systematic framework to compute
the relevant matrix elements nonperturbatively, with
increasing control over continuum extrapolations, renorm-
alization effects, and systematic uncertainties [33–37].
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To extract physical predictions, the matrix elements of
four-quark operators computed in lattice QCD must be
consistently matched to Wilson coefficients evaluated in a
given continuum renormalization scheme, most commonly
the MS scheme [38]. However, since the MS scheme is
defined in the continuum, it is not directly accessible in
lattice computations. To overcome this limitation, intermedi-
ate regularization-independent renormalization schemes are
typically employed on the lattice, followed by the applica-
tion of conversion factors to connect to the MS scheme.
These conversion factors, being independent of the regu-
lators, can be computed in dimensional regularization. One
such intermediate scheme is the gauge-invariant renormal-
ization scheme (GIRS) [19,39–41], which generalizes the
coordinate-space (X-space) approach [42–45]. GIRS ena-
bles the nonperturbative renormalization of composite
operators through the use of gauge-invariant correlators
defined in position space. These methods are essential for
bridging the gap between lattice regularizations and con-
tinuum perturbation theory, thereby enabling reliable phe-
nomenological predictions and improved control over
systematic uncertainties in the renormalization of four-
quark operator matrix elements.
In this paper, we investigate scalar and pseudoscalar

four-quark operators that can be renormalized within GIRS,
developing further the framework recently applied to
operators that change flavor numbers by two units
(ΔF ¼ 2) [19]. Our focus is on operators whose trans-
formation properties under the flavor symmetry group
forbid mixing with lower-dimensional operators, thereby
allowing for a cleaner and more controlled analysis of
their renormalization and mixing patterns. We provide the
theoretical foundation for a GIRS-based renormalization
of these operators on the lattice, including a classification
according to flavor symmetry representations, an explora-
tion of Fierz identities, and a study of their transformation
properties under parity and charge conjugation. In par-
ticular, we revisit and extend the classification of four-
quark operators for a general number of flavors Nf,
covering not only the ΔF ¼ 2 case, but also a broad
class of ΔF ¼ 1 and ΔF ¼ 0 operators that reside in the
same flavor representations.
The present paper is organized as follows. In Sec. II, we

define generic four-quark operators and classify them
according to their transformation properties under the
flavor symmetry group, making use of Fierz identities to
reduce redundancies. Section II B focuses specifically on
the scalar and pseudoscalar four-quark operators of interest.
We discuss the mixing patterns of these operators and how
flavor symmetry prevents mixing with lower-dimensional
operators for specific representations of the flavor group.
Additionally, by employing parity, charge conjugation and
chiral transformations, we further decompose the mixing
sets. Section III provides a brief review of the renormal-
ization setup; it describes its application to the operators

considered in this work using the GIRS scheme. In Sec. IV,
we construct renormalization conditions in GIRS and
provide perturbative results for the conversion matrices
to the MS scheme. Finally, in Sec. V, we summarize our
findings and outline possible directions for future research.

II. OPERATOR SETUP

In this section, we define the complete set of four-quark
operators relevant to our analysis, extending the operator set
examined in our previous work [19]. We consider all
representations of the flavor group that forbid mixing with
lower-dimensional operators. This choice ensures a clean
operator basis that is suitable for renormalization and
matching calculations, free from contamination by lower-
dimensional terms.
A four-quark operator has the general form

ðOΓΓ0 Þf1;f2f3;f4
≡

�X
a

X
α;β

ψ̄a;f1
α ðxÞΓαβψ

a
β;f3

ðxÞ
�

×

�X
a0

X
α0;β0

ψ̄a0;f2
α0 ðxÞΓ0

α0β0ψ
a0
β0;f4

ðxÞ
�
; ð1Þ

where Γ;Γ0∈f1;γ5;γμ;γμγ5;σμν;σμνγ5g≡fS;P;V;A;T;T̃g
and σμν ¼ 1

2
½γμ; γν�; spinor indices are denoted by Greek

letters (α, β, α0, β0), while color and flavor indices denoted
by Latin letters (a, a0) and fi, respectively. Throughout the
paper, we adopt the convention that quantities with lower
(upper) flavor indices transform according to the (anti)
fundamental representation of the flavor group. In order to
classify the four-quark operators into irreducible represen-
tations of the SUðNfÞ flavor group, it is convenient to
denote operators with exchanged flavors of their quark
fields (f3, f4) as [4]

ðOF
ΓΓ0 Þf1;f2f3;f4

≡ ðOΓΓ0 Þf1;f2f4;f3

¼
�X

a

X
α;β

ψ̄a;f1
α ðxÞΓαβψ

a
β;f4

ðxÞ
�

×

�X
a0

X
α0;β0

ψ̄a0;f2
α0 ðxÞΓ0

α0β0ψ
a0
β0;f3

ðxÞ
�
: ð2Þ

The following relations between operators with exchanged
flavor indices hold

ðOΓΓ0 Þf2;f1f3;f4
¼ ðOF

Γ0ΓÞf1;f2f3;f4
; ð3Þ

ðOΓΓ0 Þf2;f1f4;f3
¼ ðOΓ0ΓÞf1;f2f3;f4

: ð4Þ

Making use of Fierz rearrangements, operators in Eqs. (1)
and (2) can be also expressed as linear combinations of
those given in Eqs. (5) and (6), respectively
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ðOFD
ΓΓ0 Þf1;f2f3;f4

≡X
a;a0

�X
α;β

ψ̄a;f1
α ðxÞΓαβψ

a0
β;f4

ðxÞ
�

×

�X
α0;β0

ψ̄a0;f2
α0 ðxÞΓ0

α0β0ψ
a
β0;f3

ðxÞ
�
; ð5Þ

ðOFD;F
ΓΓ0 Þf1;f2f3;f4

≡X
a;a0

�X
α;β

ψ̄a;f1
α ðxÞΓαβψ

a0
β;f3

ðxÞ
�

×

�X
α0;β0

ψ̄a0;f2
α0 ðxÞΓ0

α0β0ψ
a
β0;f4

ðxÞ
�
: ð6Þ

Wewill make this relation explicit in Sec. II B for particular
cases of interest.

A. Operator classification into irreducible
representations of SUðNf Þ flavor group

We focus on a theory with Nf mass-degenerate quarks,
where SUðNfÞ flavor symmetry holds. The symmetry is
also preserved for theories with nondegenerate quarks
when the chiral limit is taken. The latter case is typically
considered when operator renormalization is studied. In
these cases, the four-quark operators can be classified into
specific sets that support different irreducible representa-
tions of the SUðNfÞ flavor group. We perform below the
operator classification using group theory and Young
tableaux. A similar investigation can be found in Ref. [46].
We first define operators with symmetrized or antisym-

metrized quark and antiquark flavor indices, as follows:

ðOþ
fΓ;Γ0gÞf1;f2f3;f4

≡ 1

2

h
ðOΓΓ0 Þf1;f2f3;f4

þ ðOΓΓ0 Þf2;f1f3;f4
þ ðOΓΓ0 Þf1;f2f4;f3

þ ðOΓΓ0 Þf2;f1f4;f3

i
¼ 1

2

h
ðOfΓ;Γ0gÞf1;f2f3;f4

þ ðOF
fΓ;Γ0gÞf1;f2f3;f4

i
; ð7Þ

ðO−
fΓ;Γ0gÞf1;f2f3;f4

≡ 1

2

h
ðOΓΓ0 Þf1;f2f3;f4

− ðOΓΓ0 Þf2;f1f3;f4
− ðOΓΓ0 Þf1;f2f4;f3

þ ðOΓΓ0 Þf2;f1f4;f3

i
¼ 1

2

h
ðOfΓ;Γ0gÞf1;f2f3;f4

− ðOF
fΓ;Γ0gÞf1;f2f3;f4

i
; ð8Þ

ðOþ
½Γ;Γ0�Þf1;f2f3;f4

≡ 1

2

h
ðOΓΓ0 Þf1;f2f3;f4

− ðOΓΓ0 Þf2;f1f3;f4
þ ðOΓΓ0 Þf1;f2f4;f3

− ðOΓΓ0 Þf2;f1f4;f3

i
¼ 1

2

h
ðO½Γ;Γ0�Þf1;f2f3;f4

þ ðOF
½Γ;Γ0�Þf1;f2f3;f4

i
; ð9Þ

ðO−
½Γ;Γ0�Þf1;f2f3;f4

≡ 1

2

h
ðOΓΓ0 Þf1;f2f3;f4

þ ðOΓΓ0 Þf2;f1f3;f4
− ðOΓΓ0 Þf1;f2f4;f3

− ðOΓΓ0 Þf2;f1f4;f3

i
¼ 1

2

h
ðO½Γ;Γ0�Þf1;f2f3;f4

− ðOF
½Γ;Γ0�Þf1;f2f3;f4

i
; ð10Þ

where

ðOfΓ;Γ0gÞf1;f2f3;f4
≡ ðOΓΓ0þΓ0ΓÞf1;f2f3;f4

≡ ðOΓΓ0 Þf1;f2f3;f4
þ ðOΓ0ΓÞf1;f2f3;f4

; ð11Þ

ðO½Γ;Γ0�Þf1;f2f3;f4
≡ ðOΓΓ0−Γ0ΓÞf1;f2f3;f4

≡ ðOΓΓ0 Þf1;f2f3;f4
− ðOΓ0ΓÞf1;f2f3;f4

; ð12Þ

and Eqs. (3)–(4) have been used to obtain the right-hand side (rhs) of Eqs. (7)–(10).
The original operators can be decomposed into 10 sets which support 10 irreducible representations of SUðNfÞ

ðǑ�
fΓ;Γ0gÞf1;f2f3;f4

≡ ðO�
fΓ;Γ0gÞf1;f2f3;f4

−
1

ðNf � 2Þ ðŌ
�
fΓ;Γ0gÞf1;f2f3;f4

−
1

NfðNf � 1Þ ðÔ
�
fΓ;Γ0gÞf1;f2f3;f4

; ð13Þ

ðŌ�
fΓ;Γ0gÞf1;f2f3;f4

≡X
f0

�
δf1f3ðO�

fΓ;Γ0gÞf
0;f2

f0;f4
þ δf2f3ðO�

fΓ;Γ0gÞf1;f
0

f0;f4
þ δf1f4ðO�

fΓ;Γ0gÞf
0;f2

f3;f0
þ δf2f4ðO�

fΓ;Γ0gÞf1;f
0

f3;f0

�
−

2

Nf
ðÔ�

fΓ;Γ0gÞf1;f2f3;f4
; ð14Þ

ðÔ�
fΓ;Γ0gÞf1;f2f3;f4

≡ ðδf1f3δf2f4 � δf1f4δ
f2

f3Þ
X
f0;f00

ðO�
fΓ;Γ0gÞf

0;f00
f0;f00 ; ð15Þ

ðǑ�
½Γ;Γ0�Þf1;f2f3;f4

≡ ðO�
½Γ;Γ0�Þf1;f2f3;f4

−
1

Nf
ðŌ�

½Γ;Γ0�Þf1;f2f3;f4
; ð16Þ

ðŌ�
½Γ;Γ0�Þf1;f2f3;f4

≡X
f0

�
δf1f3ðO�

½Γ;Γ0�Þf
0;f2

f0;f4
þ δf2f3ðO�

½Γ;Γ0�Þf1;f
0

f0;f4
þ δf1f4ðO�

½Γ;Γ0�Þf
0;f2

f3;f0
þ δf2f4ðO�

½Γ;Γ0�Þf1;f
0

f3;f0

�
; ð17Þ
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Ǒ� are completely traceless, Ô� are pure trace (thus flavor
singlets), and Ō� support the adjoint representation of the
flavor group. The corresponding Young tableaux for each
representation are given in Fig. 1. Also, in Table I, we
provide the dimensionality of each representation. Note
that representations Ǒþ

fΓ;Γ0g, Ō�
fΓ;Γ0g, Ō�

½Γ;Γ0� exist for

Nf > 1, representations Ǒ�
½Γ;Γ0� for Nf > 2, and represen-

tation Ǒ−
fΓ;Γ0g for Nf > 3.

Operators that belong to different sets cannot mix among
themselves under renormalization. In addition, operators
Ō� and Ô� can mix with lower-dimensional operators. The
latter may contain at most one quark-antiquark pair, and
thus, under the flavor group they can transform only under
representations stemming from the tensor product of the
fundamental and antifundamental representations, i.e., the
singlet and the adjoint representations. As seen in Fig. 1,
operators Ō� and Ô� support precisely these representa-
tions, thus allowing them to mix with lower-dimensional
operators. On the contrary, operators Ǒ� support repre-
sentations that are distinct from the above. In the present
work, we limit our study to operators Ǒ�, which are free of
mixing with lower-dimensional operators. The renormali-
zation of operators Ō� and Ô� will be addressed in a
follow-up work.

B. Scalar and pseudoscalar four-quark operators

Given that we are looking for operators which will be
introduced as ingredients to an effective Lagrangian, we
will focus exclusively on scalar (Γ0 ¼ Γ) and pseudoscalar
(Γ0 ¼ Γγ5) four-quark operators. Further, as explained

FIG. 1. Young tableaux of four-quark operators for SUðNfÞ group.

TABLE I. The dimensionality of the 10 irreducible represen-
tations of SU(Nf) flavor group for the four-quark operators.

Operator Type Dimensionality

ðǑ�
fΓ;Γ0gÞf1;f2f3;f4

traceless N2
fðNf � 3ÞðNf ∓ 1Þ=4

ðŌ�
fΓ;Γ0gÞf1;f2f3;f4

adjoint N2
f − 1

ðÔ�
fΓ;Γ0gÞf1;f2f3;f4

singlet 1

ðǑ�
½Γ;Γ0 �Þf1;f2f3;f4

traceless ðN2
f − 4ÞðN2

f − 1Þ=4
ðŌ�

½Γ;Γ0 �Þf1;f2f3;f4
adjoint N2

f − 1
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above, requiring absence of mixing with lower-dimensional
operators leads us to the operators Ǒ�

fΓ;Γ0g and Ǒ�
½Γ;Γ0�. Due

to different properties under parity (see Sec. II C), scalar
and pesudoscalar operators are classified into different
mixing sets. Thus, in this case, the operator basis contains
6 sets of operators (2 for scalar, and 4 for pseudoscalar)

S�1 ∶fQ�
1 ; Q

�
2 ; Q

�
3 ; Q

�
4 ; Q

�
5 g; ð18Þ

S�2 ∶fQ�
1 ;Q

�
4 ;Q

�
5 g; ð19Þ

S�3 ∶fQ�
2 ;Q

�
3 g; ð20Þ

where

Q�
1 ≡ Ǒ�

VVþAA; Q�
1 ≡ Ǒ�

VAþAV;

Q�
2 ≡ Ǒ�

VV−AA; Q�
2 ≡ Ǒ�

VA−AV;

Q�
3 ≡ Ǒ�

SS−PP; Q�
3 ≡ Ǒ�

PS−SP;

Q�
4 ≡ Ǒ�

SSþPP; Q�
4 ≡ Ǒ�

PSþSP;

Q�
5 ≡ Ǒ�

TT; Q�
5 ≡ Ǒ�

TT̃ : ð21Þ

Note that ǑΓΓ�Γ0Γ0 stands for ðǑfΓ;Γg � ǑfΓ0;Γ0gÞ=2, and
ǑTT̃ stands for ǑfT;T̃g=2. The operators in the sets S�1 are

scalar and originate from the representations Ǒ�
fΓ;Γg.

1 The
operators in the sets S�2 and S�3 are pseudoscalar, and they
stem from the representations Ǒ�

fΓ;Γγ5g and Ǒ�
½Γ;Γγ5�, respec-

tively. The operators Ǒ�̃
TT and Ǒ�̃

T T̃ are not explicitly
shown above, as they coincide with Ǒ�

TT̃ and Ǒ�
TT ,

respectively. Also, a summation over all independent
Lorentz indices (if any) of the Dirac matrices is under-
stood. In particular, Ǒ�

TT , involving two Lorentz indices,
contains a sum of 12 (pairwise equal) contributions. The
notation used above (Q�

i , Q
�
i ) is consistent with older

studies [46,47] for ΔF ¼ 2 operators.2 In the case of
ΔF < 2 operators, the relevant trace parts are subtracted
(they are identically zero for ΔF ¼ 2).
We stress that operators belonging to the same set can

mix among themselves because they support the same
representation of the flavor group. For the same reason
(combined with invariance under parity), mixing is absent
among operators belonging to different sets. As we con-
clude in the next subsection, operator sets S�2 are further
decomposed into two individual subsets, and thus mixing
can exist only within each subset.
The operator basis can be also expressed in terms of

Fierz-transformed operators given in Eqs. (5), (6). Using
the Fierz rearrangement identity for Euclidean gamma
matrices in 4 dimensions and for Grassmann fields

�X
a

X
α;β

ψ̄a;f1
α ðxÞΓA

αβψ
a
β;f3

ðxÞ
��X

a0

X
α0;β0

ψ̄a0;f2
α0 ðxÞΓB

α0β0ψ
a0
β0;f4

ðxÞ
�

¼
X
C;D

cABCD

�X
a;a0

�X
α;β

ψ̄a;f1
α ðxÞΓC

αβψ
a0
β;f4

ðxÞ
��X

α0;β0
ψ̄a0;f2
α0 ðxÞΓD

α0β0ψ
a
β0;f3

ðxÞ
��

; ð22Þ

where A; B;C;D ¼ 1; 2;…; 16 run over all 16 independent γ-matrices in 4 dimensions and

cABCD ¼ −
1

16
tr½ΓAðΓDÞ†ΓBðΓCÞ†�; ð23Þ

we extract the following relations between the original and Fierz-transformed operators:0BBBBBBBB@

OVV

OAA

OSS

OPP

OTT

1CCCCCCCCA
¼ 1

8

0BBBBBBBB@

4 4 −8 8 0

4 4 8 −8 0

−2 2 −2 −2 1

2 −2 −2 −2 1

0 0 24 24 4

1CCCCCCCCA

0BBBBBBBB@

OFD
VV

OFD
AA

OFD
SS

OFD
PP

OFD
TT

1CCCCCCCCA
;

0BBBBBBBB@

OVA

OAV

OPS

OSP

OTT̃

1CCCCCCCCA
¼ 1

8

0BBBBBBBB@

4 4 −8 8 0

4 4 8 −8 0

−2 2 −2 −2 1

2 −2 −2 −2 1

0 0 24 24 4

1CCCCCCCCA

0BBBBBBBB@

OFD
VA

OFD
AV

OFD
PS

OFD
SP

OFD

TT̃

1CCCCCCCCA
: ð24Þ

It is worth noting that the transformation matrix is the same between the scalar and pseudoscalar operators.
Our results agree with Ref. [46]. It is straightforward to construct the transformation matrix for the Q�

i and Q�
i

operators

2In some papers, e.g., Ref. [47], operators Q5 and Q5 have an additional factor of 2.

1Specific combinations of operators supporting the same representation have been taken, which, as stated in the sequel, are
eigenstates of chiral transformations and are more useful in phenomenology.
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0BBBBBBB@

Q�
1

Q�
2

Q�
3

Q�
4

Q�
5

1CCCCCCCA
¼ 1

4

0BBBBBBB@

4 0 0 0 0

0 0 −8 0 0

0 −2 0 0 0

0 0 0 −2 1

0 0 0 12 2

1CCCCCCCA

0BBBBBBB@

ðQ�
1 ÞFD

ðQ�
2 ÞFD

ðQ�
3 ÞFD

ðQ�
4 ÞFD

ðQ�
5 ÞFD

1CCCCCCCA
;

0BBBBBBB@

Q�
1

Q�
2

Q�
3

Q�
4

Q�
5

1CCCCCCCA
¼ 1

4

0BBBBBBB@

4 0 0 0 0

0 0 −8 0 0

0 −2 0 0 0

0 0 0 −2 1

0 0 0 12 2

1CCCCCCCA

0BBBBBBB@

ðQ�
1 ÞFD

ðQ�
2 ÞFD

ðQ�
3 ÞFD

ðQ�
4 ÞFD

ðQ�
5 ÞFD

1CCCCCCCA
: ð25Þ

The block-diagonal form of the transformation matrices in
Eq. (25) agrees with the expected form of the mixing
matrices (i.e., a Fierz-transformed operator cannot be a
linear combination of operators supporting different rep-
resentations of the flavor group), as demonstrated in the
next subsection by studying other symmetries of the action.

C. Other symmetry properties

In addition to flavor symmetry, other symmetry trans-
formations can be used to decompose the mixing pattern
into smaller sets. We examine the action of parity P and
charge conjugation C transformations on each scalar and
pseudoscalar operator of the basis given in Eqs. (18)–(20).
We first define the P and C transformations on quark and
antiquark fields

Parity∶
�
PψfðxÞ ¼ γ4ψfðxPÞ
Pψ̄fðxÞ ¼ ψ̄fðxPÞγ4;

ð26Þ

Charge conjugation∶
� CψfðxÞ ¼ C−1ψ̄T

f ðxÞ
Cψ̄fðxÞ ¼ −ψT

f ðxÞC;
ð27Þ

where xP ¼ ð−x⃗; tÞ, and CγμC−1 ¼ −γTμ . In Table II we list
the symmetry transformations for each operator.
The scalar (pseudoscalar) operators are even (odd) under

parity, as expected, while none of the operators are
eigenstates of charge conjugation. To address this, one
can change the basis by considering combinations of
operators in which flavor indices of quark and antiquark
fields are swapped, specifically ðf1 ↔ f3; f2 ↔ f4Þ. This
operation mixes different components within the same set
of operators supporting a given representation of the flavor
group, and thus it only mixes objects which will be
renormalized in the same way.

For the scalar operators Q�
i , the construction of eigen-

states of C does not affect the mixing pattern and thus it is
inconsequential to the study of operator renormalization.
Therefore, we maintain the original basis of scalar oper-
ators given in Eq. (18).
For operatorsQ�

2 andQ�
3 , flavor swapping by itself does

not produce eigenstates of charge conjugation, as plus
operators transform into minus operators under C and vice
versa. Although it is possible to construct eigenstates of
C by combining plus and minus operators, these combi-
nations merge operators that support different representa-
tions of the flavor group. This reflects the fact that, in this
case, charge conjugation does not commute with flavor
transformations; thus, there are no simultaneous eigenstates
of charge conjugation and flavor transformations. In such a
case, we need to select between the construction of
eigenstates of C or flavor transformations. Following older
studies, we keep the form of Q�

2 and Q�
3 , which are

classified according to the flavor symmetry and not C.
However, C can be used to extract relations between the
mixing coefficients of the corresponding plus and minus
operators, as discussed in Sec. III A.
For the operators Q�

1 , Q�
4 , and Q�

5 , we construct
eigenstates of C, as follows:n
ðQ�

1 Þf1;f2f3;f4
− ðQ�

1 Þf3;f4f1;f2
; ðQ�

4 Þf1;f2f3;f4
þ ðQ�

4 Þf3;f4f1;f2
; ðQ�

5 Þf1;f2f3;f4

þ ðQ�
5 Þf3;f4f1;f2

o
; ð28Þn

ðQ�
1 Þf1;f2f3;f4

þ ðQ�
1 Þf3;f4f1;f2

; ðQ�
4 Þf1;f2f3;f4

− ðQ�
4 Þf3;f4f1;f2

; ðQ�
5 Þf1;f2f3;f4

− ðQ�
5 Þf3;f4f1;f2

o
: ð29Þ

Operators in Eq. (28) [Eq. (29)] are even [odd] under C.
Thus, the two sets are renormalized separately through a

TABLE II. Transformations of the four-quark operators under P (considering operators localized at x⃗ ¼ 0) and C.

Scalar Operator P (about x⃗ ¼ 0) C Pseudoscalar operator P (about x⃗ ¼ 0) C

ðQ�
1 Þf1;f2f3;f4

þðQ�
1 Þf1;f2f3;f4

þðQ�
1 Þf3;f4f1;f2

ðQ�
1 Þf1;f2f3;f4

−ðQ�
1 Þf1;f2f3;f4

−ðQ�
1 Þf3;f4f1;f2

ðQ�
2 Þf1;f2f3;f4

þðQ�
2 Þf1;f2f3;f4

þðQ�
2 Þf3;f4f1;f2

ðQ�
2 Þf1;f2f3;f4

−ðQ�
2 Þf1;f2f3;f4

−ðQ∓
2 Þf3;f4f1;f2

ðQ�
3 Þf1;f2f3;f4

þðQ�
3 Þf1;f2f3;f4

þðQ�
3 Þf3;f4f1;f2

ðQ�
3 Þf1;f2f3;f4

−ðQ�
3 Þf1;f2f3;f4

þðQ∓
3 Þf3;f4f1;f2

ðQ�
4 Þf1;f2f3;f4

þðQ�
4 Þf1;f2f3;f4

þðQ�
4 Þf3;f4f1;f2

ðQ�
4 Þf1;f2f3;f4

−ðQ�
4 Þf1;f2f3;f4

þðQ�
4 Þf3;f4f1;f2

ðQ�
5 Þf1;f2f3;f4

þðQ�
5 Þf1;f2f3;f4

þðQ�
5 Þf3;f4f1;f2

ðQ�
5 Þf1;f2f3;f4

−ðQ�
5 Þf1;f2f3;f4

þðQ�
5 Þf3;f4f1;f2
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common 3 × 3 mixing matrix, since they still support the
same representation of the flavor group. The mixing matrix
is independent of the flavor content of the operators. For
particular choices of the flavor indices f1, f2, f3, and f4,
the first operator in Eq. (28) and the last two operators in
Eq. (29) vanish simultaneously. This indicates that this
3 × 3 matrix actually has to be block diagonal of the form:
ð1 × 1Þ ⊕ ð2 × 2Þ. Then, operator Q�

1 renormalizes inde-
pendently of ðQ�

4 ;Q
�
5 Þ and the mixing sets S�2 are

decomposed into two smaller subsets

S�2a∶fQ�
1 g; ð30Þ

S�2b∶fQ�
4 ;Q

�
5 g: ð31Þ

Here, we keep the original form of Q�
1 , Q

�
4 , and Q�

5 , as
given in Eq. (19). Ultimately, the construction of eigen-
states of C serves only to show that the mixing sets S�2 can
be further broken down, as well as to show relations
between the mixing coefficients of the operators in Sþ3
and S−3 (see Sec. III A).
For chirality preserving actions, the mixing sets S�1 can

be further decomposed into three sets. We define two types
of axial chiral transformations

Chiral transformations1ðUð1ÞAÞ∶
(
A1ψfðxÞ¼eiαγ5ψfðxÞ
A1ψ̄

fðxÞ¼ ψ̄fðxÞeiαγ5 ; ð32Þ

Chiral transformations 2 ðSUðNfÞAÞ∶

8><>:
A2ψfðxÞ ¼

P
f0
ðeiαγ5TaÞff0ψf0 ðxÞ

A2ψ̄
fðxÞ ¼ P

f0
ψ̄f0 ðxÞðeiαγ5TaÞf0f

; ð33Þ

where Ta is a generator of the suðNfÞ algebra. A four-quark operator with general gamma matrices transforms under the
two chiral transformations as follows:

A1ðOΓΓ0 Þf1;f2f3;f4
¼ ðψ̄f1eiαγ5Γeiαγ5ψf3Þðψ̄f2eiαγ5Γ0eiαγ5ψf4Þ; ð34Þ

A2ðOΓΓ0 Þf1;f2f3;f4
¼

�X
f;f0

ψ̄fðeiαγ5TaÞff1Γðeiαγ5TaÞf3f
0
ψf0

��X
f;f0

ψ̄fðeiαγ5TaÞff2Γ0ðeiαγ5TaÞf4f
0
ψf0

�
; ð35Þ

where

eiαγ5Γeiαγ5 ¼
�Γ; fγ5;Γg ¼ 0

Γe2iαγ5 ; ½γ5;Γ� ¼ 0
; ð36Þ

ðeiαγ5TaÞff1Γðeiαγ5TaÞf3f
0 ¼

�Γðe−iαγ5TaÞff1ðeiαγ5TaÞf3f
0
; fγ5;Γg ¼ 0

Γðeiαγ5TaÞff1ðeiαγ5TaÞf3f
0
; ½γ5;Γ� ¼ 0

: ð37Þ

By selecting a diagonal generator ðTaÞf1f2 ¼ λf1δf1
f2, where

PNf

i¼1 λi ¼ 0, and λi ∈R, Eq. (37) can be simplified by using
the following relation:

ðe�iαγ5TaÞff1ðeiαγ5TaÞf3f
0 ¼ δf

f1δf3
f0eiαð�λf1þλf3 Þγ5 : ð38Þ

Then one can show that the operators or combinations of operators listed in Table III are eigenstates ofA1 orA2 (when Ta is
diagonal). Eigenstates with different eigenvalues cannot mix. Using A1, we conclude that the operators fQ�

1 ; Q
�
2 ; Q

�
3 g are

renormalized separately from fQ�
4 ; Q

�
5 g. Furthermore, usingA2 with a diagonal Ta and λf1 ≠ ðλf3 ; λf4Þ, λf2 ≠ ðλf3 ; λf4Þ, we

conclude that operatorsQ�
1 are also renormalized independently of fQ�

2 ; Q
�
3 g. The conclusion that ðQ4; Q5Þ do not mix with

ðQ1; Q2; Q3Þ for any λi follows also from theA2 symmetry, without having to rely on the anomalousA1 symmetry. Thus, the
5 × 5 mixing matrices for the scalar operators of the sets S�1 are block diagonal of the form: ð1 × 1Þ ⊕ ð2 × 2Þ ⊕ ð2 × 2Þ,
similar to the case of pseudoscalar operators. The three subsets of S�1 are summarized below
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S�1a∶fQ�
1 g; ð39Þ

S�1b∶fQ�
2 ; Q

�
3 g; ð40Þ

S�1c∶fQ�
4 ; Q

�
5 g: ð41Þ

The eigenstates of the chiral transformations given in
Table III can be used to extract relations between the
mixing coefficients of the scalar and pseudoscalar oper-
ators, as discussed in Sec. III A. We mention that in the
above analysis we have deduced the mixing pattern of the
four-quark operators without appealing to flavor switching
symmetries applied to operators with distinct flavor indices
f1, f2, f3, f4, as was done in older papers.
Given that not all lattice actions are chirally invariant, we

do not employ chiral symmetry for determining the mixing
matrices. Thus, in what follows we consider the 8 mixing
sets S�1 , S

�
2a, S

�
2b, and S�3 .

D. Operators for flavor-changing processes

The operator basis formulated in the previous subsec-
tions for the traceless representations of the flavor group
allows one to study three cases of four-quark operators,
which are involved in flavor-changing processes. We
remind the reader that the operators studied in this work
support representations which cannot have mixing with
lower dimensional operators; even in these representations
we encounter not only operators with ΔF ¼ 2, but also
with ΔF ¼ 1 and ΔF ¼ 0. The three cases are

(i) Case 1: f1 ∉ ff3; f4g and f2 ∉ ff3; f4g. This case
contains operators with ΔF ¼ 2, when (f1 ¼ f2 or
f3 ¼ f4), and operators with ΔF ¼ 1, when
ðf1; f2; f3; f4Þ are all different. The traceless oper-
ators of Eqs. (13), (16) are simplified to

Ǒ�
fΓ;Γ0g ¼ O�

fΓ;Γ0g; Ǒ�
½Γ;Γ0� ¼ O�

½Γ;Γ0�; ð42Þ

where the subtracted trace terms simply vanish. As a
result, operators Q�

i and Q�
i are reduced to the

operators studied in our previous work [19]. Note
that not all representations have ΔF ¼ 2 operators.
In particular, O−

fΓ;Γ0g ¼ 0 when f1 ¼ f2 or f3 ¼ f4,

Oþ
½Γ;Γ0� ¼ 0 when f1 ¼ f2, and O−

½Γ;Γ0� ¼ 0 when
f3 ¼ f4. Consequently, Q−

i , Q
−
1 , Q

−
4 , and Q−

5 are
not ΔF ¼ 2 operators. Similarly, operators Qþ

2 , Q
þ
3

are ΔF ¼ 2 only when f3 ¼ f4, and Q−
2 , Q

−
3 only

when f1 ¼ f2.
(ii) Case 2: (f1 ∉ ff3; f4g and f2 ∈ ff3; f4g) or

(f1 ∈ ff3; f4g and f2 ∉ ff3; f4g). This case con-
tains operators with ΔF ¼ 1. The traceless operators
of Eqs. (13), (16) are simplified to

Ǒ�
fΓ;Γ0g ¼ O�

fΓ;Γ0g −
1

Nf � 2
Ō�

fΓ;Γ0g; Ǒ�
½Γ;Γ0�

¼ O�
fΓ;Γ0g −

1

Nf
Ō�

½Γ;Γ0�; ð43Þ

where the subtracted pure trace terms are eliminated,
thus simplifying operators Q�

i and Q�
i accordingly.

(iii) Case 3: ðf1; f2Þ are pairwise equal to ðf3; f4Þ. This
case contains operators with ΔF ¼ 0. There are no
simplifications in the definition of the traceless
operators of Eqs. (13), (16); all terms survive.

We note that each of the four Ǒ representations contains at
least some operators belonging to case 1, i.e., operators in
which the Kronecker deltas multiplying trace contributions
have a vanishing value. This means that operators support-
ing the same Ǒ representation but having different values of
ΔF share the same renormalization, since they transform
under the same representation of the flavor group. Then it is
natural to extract the mixing matrices using the simplest
case of operators, i.e., Case 1, where all subtracted trace
terms are zero. Thus, our analysis developed in Ref. [19]
can be also applied to all traceless operators of ΔF ≤ 2.

TABLE III. Eigenstates of A1 and A2 chiral transformations with their corresponding eigenvalues.

Eigenstate of A1 Eigenvalue Eigenstate of A2 Eigenvalue

Q�
1

1 Q�
1 þQ�

1 eþiαð−λf1−λf2þλf3þλf4 Þ

Q�
1

1 Q�
1 −Q�

1 e−iαð−λf1−λf2þλf3þλf4 Þ

Q�
2

1 (Qþ
2 �Qþ

2 Þ þ ðQ−
2 �Q−

2 Þ e�iαðþλf1−λf2−λf3þλf4 Þ

Q�
2

1 ðQþ
2 �Qþ

2 Þ − ðQ−
2 �Q−

2 Þ e�iαðþλf1−λf2þλf3−λf4 Þ

Q�
3

1 ðQþ
3 �Qþ

3 Þ þ ðQ−
3 �Q−

3 Þ e�iαðþλf1−λf2þλf3−λf4 Þ

Q�
3

1 ðQþ
3 �Qþ

3 Þ − ðQ−
3 �Q−

3 Þ e�iαðþλf1−λf2−λf3þλf4 Þ

Q�
4 þQ�

4 eþi4α Q�
4 þQ�

4 eþiαðþλf1þλf2þλf3þλf4 Þ

Q�
4 −Q�

4 e−i4α Q�
4 −Q�

4 e−iαðþλf1þλf2þλf3þλf4 Þ

Q�
5 þQ�

5 eþi4α Q�
5 þQ�

5 eþiαðþλf1þλf2þλf3þλf4 Þ

Q�
5 −Q�

5 e−i4α Q�
5 −Q�

5 e−iαðþλf1þλf2þλf3þλf4 Þ
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III. RENORMALIZATION SETUP

In the following, we establish the setup for the renorm-
alization of the scalar and pseudoscalar four-quark oper-
ators Q�

i and Q�
i . We define the corresponding mixing

matrices and specify the Green’s functions that must be
computed to construct a gauge-invariant renormalization
scheme.

A. Mixing matrices

By considering the mixing sets fQ�
1 ;Q

�
2 ;Q

�
3 ;Q

�
4 ;Q

�
5 g;

fQ�
1 g;fQ�

2 ;Q
�
3 g;fQ�

4 ;Q
�
5 g, derived in the previous sec-

tion, the 5 × 5 mixing matrices Z� (Z�), which renorm-
alize the scalar (pseudoscalar) operators, Q�

i (Q�
i ), where

i ¼ 1;…; 5, take the following form:

Z� ¼

0BBBBBBB@

Z�
11 Z�

12 Z�
13 Z�

14 Z�
15

Z�
21 Z�

22 Z�
23 Z�

24 Z�
25

Z�
31 Z�

32 Z�
33 Z�

34 Z�
35

Z�
41 Z�

42 Z�
43 Z�

44 Z�
45

Z�
51 Z�

52 Z�
53 Z�

54 Z�
55

1CCCCCCCA
;

Z� ¼

0BBBBBBB@

Z�
11 0 0 0 0

0 Z�
22 Z�

23 0 0

0 Z�
32 Z�

33 0 0

0 0 0 Z�
44 Z�

45

0 0 0 Z�
54 Z�

55

1CCCCCCCA: ð44Þ

For chirally invariant actions, the Z� matrices take the same
block-diagonal structure of the Z� matrices, as concluded
in Sec. II C. The corresponding renormalized operators,
Q�;R (Q�;R), are defined via the equations

Q�;R
l ¼ Z�

lm ·Q�
m; Q�;R

l ¼ Z�
lm ·Q�

m; ð45Þ

where l; m ¼ 1;…; 5 (a sum over m is implied).
The symmetries studied in the previous section can give

us specific relations between the elements of the four
mixing matrices Z�, Z�. As we conclude in Sec. II C,
operators Qþ

2 , Q
þ
3 are related to Q−

2 , Q
−
3 under charge

conjugation; in particular, the following combinations are
eigenstates of C with eigenvalues C ¼ �1:

ðQ�
2 Þf1f2f3f4

− ðQ∓
2 Þf3f4f1f2

; ðQ�
3 Þf1f2f3f4

þðQ∓
3 Þf3f4f1f2

; C¼þ1;

ð46Þ

ðQ�
2 Þf1f2f3f4

þðQ∓
2 Þf3f4f1f2

; ðQ�
3 Þf1f2f3f4

− ðQ∓
3 Þf3f4f1f2

; C¼−1:

ð47Þ

Combinations with C ¼ þ1, cannot mix with the combi-
nations with C ¼ −1 and vice versa. This restriction can
give us relations between elements of the plus and minus
mixing matrices. As an example, we consider the C-odd
renormalized combination

ðQþ;R
2 Þf1f2f3f4

þ ðQ−;R
2 Þf3f4f1f2

¼ Zþ
22ðQþ

2 Þf1f2f3f4
þ Zþ

23ðQþ
3 Þf1f2f3f4

þ Z−
22ðQ−

2 Þf3f4f1f2
þ Z−

23ðQ−
3 Þf3f4f1f2

¼ 1

2
ðZþ

22 þ Z−
22Þ½ðQþ

2 Þf1f2f3f4
þ ðQ−

2 Þf3f4f1f2
� þ 1

2
ðZþ

22 − Z−
22Þ½ðQþ

2 Þf1f2f3f4
− ðQ−

2 Þf3f4f1f2
�

þ 1

2
ðZþ

23 þ Z−
23Þ½ðQþ

3 Þf1f2f3f4
þ ðQ−

3 Þf3f4f1f2
� þ 1

2
ðZþ

23 − Z−
23Þ½ðQþ

3 Þf1f2f3f4
− ðQ−

3 Þf3f4f1f2
�: ð48Þ

The second and third terms in the rhs of Eq. (48) are C-even
and thus, must vanish, leading to

Zþ
22 ¼ Z−

22; Zþ
23 ¼ −Z−

23: ð49Þ

Similarly, one can show that

Zþ
33 ¼ Z−

33; Zþ
32 ¼ −Z−

32: ð50Þ

These relations have been also proved in Ref. [46] for a
particular renormalization scheme, RI0, as well as in
Ref. [47] by considering chiral symmetry. Our proof is
more general since it does not refer to a specific renorm-
alization scheme, and it is also valid in regularizations
which explicitly break chiral symmetry.

Further relations between the mixing matrices can be
derived by using chiral transformations. In particular, it can
be shown, by considering the eigenstates ofA2 constructed
in Table III, that the mixing matrices of the scalar operators
coincide with those of the pseudoscalar operators, i.e.,

Z�
ij ¼ Z�

ij: ð51Þ

This relation is only valid for chirally invariant actions.

B. Gauge-invariant renormalization scheme (GIRS)

In this work, we utilize a gauge-invariant renormaliza-
tion scheme (GIRS) to determine the mixing matrices Z�

andZ�. GIRS was introduced by our group in Ref. [40], by
extending previous coordinate-space prescriptions [42–45],
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and has been applied so far in the renormalization of
various composite operators in QCD (quark bilinears [40],
energy-momentum tensor [40], ΔF ¼ 2 four-quark oper-
ators [19]), as well as in the supersymmetric Yang-Mills
theory (gluino-glue operator [39], Noether supercurrent
[41]). It is based on calculations of vacuum expectation
values (vev) involving two or more gauge-invariant oper-
ators at different spacetime points, where the separations
between these operators define the renormalization scale(s)
of the scheme. GIRS is especially useful in lattice regu-
larizations in which nonperturbative determinations of the
mixing matrices can be obtained. Since the scheme is
inherently gauge invariant, it obviates the need for gauge
fixing, thereby avoiding issues related to Gribov copies in
lattice numerical simulations, as well as considering mixing
with gauge noninvariant operators.
When operator mixing occurs, one needs to consider a set

of conditions involving more than one Green’s functions of
products of gauge-invariant operators. Vev must be singlets
under the flavor group because any flavor rotation can be
absorbed through a change of variables in the functional
integral. Therefore, to obtain a nonzero vev, the tensor
product of the representations of the operators in a Green’s
function must contain the trivial (singlet) representation. In
our study, the determination of the 5 × 5 mixing matrices
Z� and Z� requires the calculation of not only two-point
Green’s functions with two four-quark operators, but also
three-point Green’s functions with one four-quark operator
and two lower dimensional operators, e.g., quark bilinear
operators:

ðOΓÞf1f2ðxÞ≡ ψ̄f1ðxÞΓψf2ðxÞ: ð52Þ
There are different possible choices of these Green’s
functions (see below), and thus different variants of

GIRS can be realized. The tensor product of two represen-
tations R1, R2, can contain a singlet only if R2 is the
conjugate of R1. Thus, the two four-quark operators in the
two-point Green’s functions must be selected appropriately
[see Eqs. (53), (55)]. Two-point Green’s functions with one
four-quark operator and one quark bilinear operator are not
considered since they vanish for the traceless four-quark
operators studied in this work. This is understood since the
tensor product of a traceless four-quark operator with a
quark bilinear operator (traceless or pure trace) cannot
contain a singlet representation, leading to a zero vev. On
the other hand, the tensor product of one four-quark operator
and two quark bilinear operators can contain at most one
singlet representation. All operators in the Green’s functions
are placed at different spacetime points, in a way as to avoid
potential contact singularities. Also, to reduce statistical
noise in lattice simulations, integration (summation on the
lattice) over time slices of the operator-insertion points in all
Green’s functions has been employed. Although the inte-
gration does not filter out long spatial separations of the
operators involved, the resulting correlators are safe from
long-distance effects, if the time separations are small
enough (≪ΛQCD, where ΛQCD is the QCD physical scale).3

This is true even for zero masses. In fact, integrating over the
spatial coordinates implies that the correlators are Fourier-
transformed at a fixed spatial momentum, in particular at
zero momentum. These correlators then receive contribu-
tions from intermediate on-shell states with fixed momen-
tum, and one can show that for small time separations, the
dominant contribution comes from high-energy states,
typically with energies on the order of the inverse of the
time separations. These contributions are short-distance and
thus, perturbation theory can be safely applied. The Green’s
functions under consideration are

ðG2pt
Q�

i ;Q
�
j
Þf1;f2;f01;f02
f3;f4;f03f

0
4

ðz4Þ≡
Z

d3z⃗
D
ðQ�

i Þf1;f2f3;f4
ðxþ zÞ

h
ðQ�

j Þf
0
3
;f0

4

f0
1
;f0

2
ðxÞ

i†E
; ð53Þ

ðG3pt
OΓ;Q�

i ;OΓ
Þf1;f2;f01;f02
f3;f4;f03f

0
4

ðz4; z04Þ≡
Z

d3z⃗
Z

d3 z0
!D

ðOΓÞf01f0
3
ðxþ zÞðQ�

i Þf1;f2f3;f4
ðxÞðOΓÞf02f0

4
ðx − z0Þ

E
; ð54Þ

ðG2pt
Q�

i ;Q
�
j
Þf1;f2;f01;f02
f3;f4;f03f

0
4

ðz4Þ≡
Z

d3z⃗
D
ðQ�

i Þf1;f2f3;f4
ðxþ zÞ

h
ðQ�

j Þf
0
3
;f0

4

f0
1
;f0

2
ðxÞ

i†E
; ð55Þ

ðG3pt
OΓ;Q�

i ;OΓγ5
Þf1;f2;f01;f02
f3;f4;f03f

0
4

ðz4; z04Þ≡
Z

d3z⃗
Z

d3 z0
!D

ðOΓÞf01f0
3
ðxþ zÞðQ�

i Þf1;f2f3;f4
ðxÞðOΓγ5Þf

0
2
f0
4

ðx − z0Þ
E
; ð56Þ

where z ¼ ðz⃗; z4Þ, z0 ¼ ð z0!; z04Þ, z4 > 0, z04 > 0; i, j runs from 1 to 5 and i ≤ j; Γ∈ f1; γ5; γμ; γμγ5; σμνg. The Hermitian
conjugate operator taken in the two-point Green’s functions [Eqs. (53), (55)] ensures that a flavor singlet representation exists
and thus vev is nonzero. The representations supported by the scalar operators Q�

i are self-conjugate, while the
representations supported by Qþ

i and Q−
i are conjugates of each other. The gamma matrices of the quark bilinear operators

3We are grateful to Vittorio Lubicz for identifying this issue and providing its resolution.
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in the three-point functions have been selected in a way as to
give nonzero values. Similarly, flavor indices (f1, f2) and
(f01, f

0
2) must be pairwise equal to (f03, f

0
4) and (f3, f4),

respectively. Note that all pairwise matchings of flavor
indices will be equivalent (up to a group-theoretical factor),
since there is only one flavor singlet that can be built out
of the tensor product representations appearing in the above
4 equations.
In order to determine a consistent and solvable set of

nonperturbative renormalization conditions, we need to
examine multiple choices of three-point functions with
different bilinear operators; such choices define different
variants of GIRS. In Ref. [19], we have performed a next-to-
leading order (NLO) perturbative calculation of all possible
Green’s functions derived by Eqs. (53)–(56), for the oper-
ators of case 1 (see Sec. II D), in dimensional regularization
(DR) and we have determined NLO conversion factors from
different variants of GIRS to the MS scheme.
The Feynman diagrams contributing to the two-point

functions of the four-quark operators, to leading order (LO)
Oðg0Þ (diagram 1) and to the NLO Oðg2Þ (the remaining
diagrams), are shown in Fig. 2. Likewise, the Feynman
diagrams contributing to the three-point Green’s functions
of the product of one four-quark operator and two quark
bilinear operators are shown in Fig. 3. For simplicity, we
have not drawn separate diagrams to specify which quark/
antiquark appearing in the definition of the four-quark

operators is contracted in each fermion propagator. Thus, in
each diagram, it is understood that all possible ways of
contracting the quark/antiquark fields of the operators are
summed over. The Green’s functions are gauge-independent
at each perturbative order; indeed, terms dependent on the
gauge parameter cancel out upon summation of the Feynman
diagrams.
For a generic flavor-group representation of the four-quark

operators, i.e., operators Ǒ, O, and Ô [see Eqs. (13)–(17)],
additional Feynman diagrams must be considered. In Fig. 4,
we display representative Feynman diagrams contributing
nontrivially to two-point and three-point Green’s functions.
These diagrams arise at order Oðg2Þ, and illustrate cases
where the contributions do not vanish in dimensional
regularization or by color algebra alone (e.g., by Fierz
rearrangements). However, these diagrams do vanish for the
traceless representations under study (Ǒ) because they
correspond to a partial trace of a traceless operator. This
feature is independent of the number of gluon exchanges
between quark lines.
When performing calculations in DR, one needs to

define γ5 in D dimensions. In our study, we have employed
the t’Hooft-Veltman (HV) prescription [48], in which the
following commutation/anticommutation relations of γ5 are
valid

fγ5;γμg¼ 0; μ¼ 1;2;3;4; ½γ5;γμ� ¼ 0; μ> 4: ð57Þ

FIG. 2. Feynman diagrams contributing to hOΓΓ̃ðxÞO†

Γ0eΓ0
ðyÞi, to order Oðg0Þ (diagram 1) and Oðg2Þ (the remaining diagrams).

Wavy (solid) lines represent gluons (quarks). Diagrams 2 and 4 have also mirror variants.

FIG. 3. Feynman diagrams contributing to hOΓ0 ðxÞOΓΓ̃ð0ÞOΓ00 ðyÞi, to order Oðg0Þ (diagram 1) and Oðg2Þ (the remaining diagrams).
Wavy (solid) lines represent gluons (quarks). A circled cross denotes the insertion of the four-quark operator, and the solid squares
denote the quark bilinear operators. Diagrams 2–5 have also mirror variants.
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This choice does not lead to algebraic inconsistencies with
γ5-odd fermion traces [49], as in the naive prescription of
DR (NDR). However, it violates chiral symmetry and, thus,
the mixing matrices Z� are no longer block diagonal, and
Eq. (51) is not necessarily valid in DR with the HV
prescription. However, these properties are not violated
for the one-loop4 mixing coefficients in the MS scheme
with HV prescription, as concluded by our calculation. One
can restore the chiral properties of the scalar operators in
the HV prescription by multiplying with appropriate finite
conversion factors. These factors can be extracted from our
calculation to NLO. We note that in our study Lorentz

indices appearing in the definition of the four-quark
operators and quark bilinear operators, as well as the scales
z, z0 are taken to lie in 4 instead of D dimensions, which
simplifies the trace algebra in this prescription.
Another complication of DR is that four-quark operators

can also potentially mix with evanescent operators, which
emerge at finite values of the regulator ε, whereD ¼ 4 − 2ε.
In higher perturbative orders, the presence of evanescent
operators must be taken into account when working with
regularizations defined in D dimensions [49–51]; in par-
ticular, one can define “evanescent-subtracted” operators
[20,52], for a more direct matching to other regularizations.
The basis of evanescent operators is arbitrary, and each
choice can lead to a different renormalization scheme. For
the NLO calculations in DR, all Oð1=ϵÞ divergences can
be removed from Green’s functions involving the 4-fermi
operators without recurrence to evanescent operators, so
that the latter amount to inducing at most a further finite
renormalization in MS. For renormalization studies of
four-quark operators including evanescent operators, see
Refs. [2,20,51–54].

IV. RENORMALIZATION CONDITIONS
AND RESULTS

In this section, we construct all possible sets of renorm-
alization conditions in GIRS based on the calculated coor-
dinate-space Green’s functions. This results in several GIRS
variants, including a democratic version discussed in
Sec. IVC. For selected variantswith reduced operatormixing,
we provide the conversion matrices to the MS scheme.

A. GIRS renormalization conditions

As explained in Sec. II D, operators that transform
under the same representation of the flavor group share
the same renormalization. Thus, the determination of the
mixing matrices in a renormalization scheme can be
implemented considering specific members of each flavor
multiplet. Consequently, we construct renormalization
conditions in GIRS by selecting only four-quark operators
with f1 ∉ ff3; f4g and f2 ∉ ff3; f4g (case 1), in which
trace terms vanish. These can be ΔF ¼ 2 operators
(f1 ¼ f2 or f3 ¼ f4; see Sec. II D on their possible
existence) or ΔF ¼ 1 operators with ðf1; f2; f3; f4Þ all
different. These choices lead to the calculation of the same
contractions among mass-degenerate quark/antiquark
fields, but multiplied by different prefactors; thus, they
will amount to different values of the calculated Green’s
functions. However, they all lead to the same mixing
matrix, since the factors of difference between the
Green’s functions of the two choices are canceled by
their LO values used in the renormalization conditions
[see Eqs. (58)–(59), (63)–(67)]. We note that the renorm-
alization conditions can be constructed alternatively by
using the operators of case 2 or 3. The latter choices
will lead to the calculation of the same Feynman diagrams

FIG. 4. Representative Feynman diagrams contributing to two-
point and three-point Green’s functions at the next-to-leading order,
Oðg2Þ. Wavy (solid) lines represent gluons (quarks). The four-quark
operator OΓΓ0 is indicated by a circled cross. Bilinear operators,
OΓ are denoted by solid squares, while solid circles correspond to
interactionvertices from the action. The first row shows examples of
two-point Green’s functions of the form hOΓΓ0 ðxÞO†

Γ̃Γ̃0 ðyÞi. The
second row includes diagrams for two-point Green’s functions
between a four-quark operator and a bilinear, hOΓΓ0 ðxÞO†

Γ̃ðyÞi.
The last row illustrates three-point Green’s functions involving one
four-quark and two bilinear operators: hOΓ̃ðxÞOΓΓ0 ðyÞOΓ̃0 ðzÞi. All
these diagrams do not vanish in dimensional regularization (DR) or
by color algebra (e.g., by Fierz rearrangements), but they do vanish
when the four-quark operator is traceless due to the presence of
partial traces over a traceless operator.

4Here and below, “one-loop” indicates Oðg2Þ calculations,
even though the Feynman diagrams shown in the figures actually
contain more loops.
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(and the same contractions among mass-degenerate quark/
antiquark fields); additional disconnected diagrams will be
zero for the traceless Ǒ representations. From the lattice
simulation point of view, it is not clear which option can
give a better signal. However, given that case 1 operators
have no explicit trace terms, they are expected to be a
preferable choice. The selected case is the one studied in our
previous work [19]. In the following, we discuss different
choices of renormalization conditions based on that work.
Additionally, a “democratic” version is presented in
Sec. IV C. The conditions are defined in a regularization
free of evanescent operators and with explicit chiral-sym-
metry breaking. The flavor indices are omitted for simplic-
ity. It is understood that they are selected in a way that the
two-point and three-point Green’s functions are not zero
[see flavor structures in Eqs. (60)–(61), (68)–(69)].
In the case of scalar operators (Q�

i ), the mixing
matrix Z� is 5 × 5 for both Qþ

i and Q−
i . Therefore, for

each case, we need 25 conditions to obtain these mixing
coefficients. Computing the relevant two-point Green’s
functions, we extract 15 conditions, and hence, we need
another 10 conditions that will be extracted from
relevant three-point Green’s functions. The 15 conditions
in GIRS, which include two-point Green’s functions, are
the following:

½G2pt
Q�

i ;Q
�
j
ðtÞ�GIRS ≡ X5

k;l¼1

ðZ�
ikÞGIRSðZ�

jlÞGIRSG2pt
Q�

k ;Q
�
l
ðtÞ

¼ ½G2pt
Q�

i ;Q
�
j
ðtÞ�free; ð58Þ

where i, j run from 1 to 5 and i ≤ j; z4 ≡ t is the GIRS
renormalization scale. We have a variety of options for
selecting the remaining 10 conditions involving three-
point Green’s functions

½G3pt
OΓ;Q�

i ;OΓ
ðt; t0Þ�GIRS ≡ ðZGIRS

OΓ
Þ2
X5
k¼1

ðZ�
ikÞGIRSG3pt

OΓ;Q�
k ;OΓ

ðt; t0Þ ¼ ½G3pt
OΓ;Q�

i ;OΓ
ðt; t0Þ�free; ð59Þ

where i∈ ½1; 5�, Γ∈ f1; γ5; γm; γmγ5; σmn; σm4g (m, n are spatial directions), and z4 ≡ t, z04 ≡ t0 are GIRS renormalization
scales. A natural choice is to set t0 ¼ t, leading to one scale. More general relative values of t and t0 are investigated in
Ref. [19]. ZGIRS

OΓ
is the renormalization factor of the bilinear operator OΓ calculated in Ref. [40]. ½G2pt

Q�
i ;Q

�
j
�free and

½G3pt
OΓ;Q�

i ;OΓ
�free, appearing in the rhs of Eqs. (58) and (59), are the values of G2pt

Q�
i ;Q

�
j
and G3pt

OΓ;Q�
i ;OΓ

in the corresponding free

theory, where OðgnÞ; n > 0 contributions are absent; we provide below the free-theory values, as extracted from our
calculation

½G2pt
Q�

i ;Q
�
j
ðtÞ�free ¼ Nc

π6jtj9 ðδ
f1

f0
3
δf2f0

4
� δf1f0

4
δf2f0

3
Þðδf3f

0
1δf4

f0
2 � δf3

f0
2δf4

f0
1Þða�ij;0 þ a�ij;1NcÞ; ð60Þ

½G3pt
OΓ;Q�

i ;OΓ
ðt; tÞ�free ¼ Nc

π4t6
ðδf1f0

3
δf2f0

4
� δf1f0

4
δf2f0

3
Þðδf3f

0
1δf4

f0
2 � δf3

f0
2δf4

f0
1Þðd�iΓ;0 þ d�iΓ;1NcÞ; ð61Þ

where the coefficients a�ij;k and d�iΓ;k are given in Tables IV
and V. Note that three-point functions which include
temporal components of vector (V4) and/or axial-vector
(A4) operators vanish (under integration over time slices)
and thus they are omitted from Table V, leaving only the
spatial components (V⃗; A⃗).
From Eq. (59), we can obtain a total of 30 conditions

with nonvanishing three-point functions containing one
of the 5 scalar four-quark operators Qi and one of the
6 possible choices of quark bilinear operators OΓ
with Γ ∈ f1; γ5; γm; γmγ5; σmn; σm4g. Thus, there are
30!=ð10!20!Þ ¼ 30; 045; 015 different choices for
obtaining the remaining 10 conditions from the three-
point functions. However, some choices include linearly
dependent or incompatible conditions leading to infinite or
no solutions, respectively. This potential incompatibility is

further illustrated in Sec. IV C. By examining all cases in
one-loop perturbation theory, we conclude that there are
205,088 choices of conditions, which give a unique
solution.
Even though all solvable systems of conditions are

acceptable, it is natural to set a criterion in order to select
options which have better behavior compared to others. In
practice, one can choose the specific conditions that
provide a more stable signal in numerical simulations.
From the perturbative point of view, such a criterion can be
the size of the mixing contributions. To this end, we
evaluate the sum of squares of the one-loop finite terms
in the off-diagonal elements of the GIRS mixing matrices
(or equivalently the one-loop off-diagonal coefficients in
the conversion matrices, which are given in the next
subsection) for all the accepted cases, and we choose the
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cases with the smallest values. We found that, in general,
the sums of squares among different choices are compa-
rable. We provide below one of the options that give
the minimum sum of squares, in which the following
10 renormalized three-point functions are included

G3pt
S;Q�

1
;S
ðt; tÞ; G3pt

P;Q�
1
;P
ðt; tÞ; G3pt

Vi;Q�
1
;Vi
ðt; tÞ;

G3pt
S;Q�

2
;S
ðt; tÞ; G3pt

P;Q�
2
;P
ðt; tÞ;

G3pt
S;Q�

3
;S
ðt; tÞ; G3pt

S;Q�
5
;S
ðt; tÞ; G3pt

P;Q�
5
;P
ðt; tÞ;

G3pt
Vi;Q�

5
;Vi
ðt; tÞ; G3pt

Ai;Q�
5
;Ai
ðt; tÞ; ð62Þ

In the case of the pseudoscalar operators (Q�
i ), the 5 × 5

mixing matrix Z� is decomposed into three blocks for both
Qþ

i and Q−
i . The blocks contain: fQ1g, fQ2;Q3g and

fQ4;Q5g, respectively. The first block includes only one

operator, which is multiplicatively renormalizable; thus,
only 1 condition is needed and can be obtained from a two-
point function. The second and third blocks each contain
two operators, requiring 4 conditions per block to deter-
mine the mixing coefficients. Three of them will be
extracted from two-point functions, while the remaining
one condition requires the calculation of a three-point
Green’s function. The conditions that include two-point
Green’s functions for each block are the following:

½G2pt
Q�

1
;Q�

1

ðtÞ�GIRS ≡ ½ðZ�
11ÞGIRS�2G2pt

Q�
1
;Q�
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ðtÞ ¼ ½G2pt
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ðtÞ�free; ð63Þ
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jlÞGIRSG2pt
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½G2pt
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ðtÞ�free; ði; j ¼ 4; 5Þ; ð65Þ

where i ≤ j. The possible conditions that include three-point functions for the second and third blocks are

½G3pt
OΓ;Q�

i ;OΓγ5
ðt; t0Þ�GIRS ≡ ZGIRS

OΓ
ZGIRS
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¼ ½G3pt
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i ;OΓγ5
ðt; t0Þ�free; ði ¼ 2 or 3Þ; ð66Þ

½G3pt
OΓ;Q�
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TABLE V. Numerical values of the coefficients d�iΓ;l and d̃�iΓ;l,
appearing in Eqs. (61), (69). Values of i and Γ for which all
coefficients vanish have been left out.

i Γ d�iΓ;0 d�iΓ;1 d̃�iΓ;0 d̃�iΓ;1

2 S ∓1=16 0 �1=16 0
3 S 0 1=32 0 −1=32
4 S ∓1=64 1=32 �1=64 −1=32
5 S �3=32 0 ∓3=32 0
2 P �1=16 0 0 0
3 P 0 −1=32 0 0
4 P ∓1=64 1=32 0 0
5 P �3=32 0 0 0
1 V⃗ �1=72 1=72 �1=72 1=72
2 V⃗ 0 1=72 0 −1=72
3 V⃗ ∓1=144 0 �1=144 0
1 A⃗ �1=72 1=72 0 0
2 A⃗ 0 −1=72 0 0
3 A⃗ �1=144 0 0 0
4 T �1=576 0 ∓1=576 0
5 T �1=288 1=144 ∓1=288 −1=144

TABLE IV. Numerical values of the coefficients a�ij;l and ã�ij;l,
appearing in Eqs. (60), (68). Values of i and j for which all
coefficients vanish have been left out.

i j a�ij;0 a�ij;1 ã�ij;0 ã�ij;1
1 1 �7=32 7=32 �7=32 7=32
2 2 0 7=32 0 −7=32
2 3 ∓7=64 0 �7=64 0
3 3 0 7=128 0 −7=128
4 4 ∓7=256 7=128 ∓7=256 7=128
4 5 �21=128 0 �21=128 0
5 5 �21=64 21=32 �21=64 21=32
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where Γ∈ f1; γm; σmng (m, n are spatial directions). As in the scalar operators, we simplify the conditions by setting t0 ¼ t.
The free-theory values ½G2pt

Q�
i ;Q

�
j
�free and ½G3pt

OΓ;Q�
i ;OΓγ5

�free, appearing in the rhs of Eqs. [(64)–(67)], are given below, as

extracted from our calculation
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π6jtj9 ðδ
f1

f0
3
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½G3pt
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where the coefficients ã�ij;k and d̃�iΓ;k are given in Tables IV and V.
From Eqs. (66)–(67), we can obtain a total of 6 alternative conditions for each of the 2 × 2 blocks fQ2;Q3g and

fQ4;Q5g with nonvanishing three-point functions containing one of the 2 four-quark operators in each block,Qi, and one
of the 3 possible choices of quark bilinear operatorsOΓ with Γ∈ f1; γm; σmng. However, as it turns out from our calculation,
only two conditions for each block give a unique solution. Applying the same criterion, as in the scalar operators, we
provide below the option that gives the smallest sum of squares of the off-diagonal coefficients, in which the following
renormalized three-point functions are included:

G3pt
S;Q�

2
;Pðt; tÞ; G3pt

S;Q�
5
;Pðt; tÞ: ð70Þ

B. Conversion matrices

In order to arrive at the renormalized four-quark operators in the MS scheme (which is the typical scheme used in

phenomenological work), the conversion matrices ðC�ÞMS;GIRS and ðC̃�ÞMS;GIRS between GIRS and MS schemes are
necessary

ðZ�ÞMS ¼ ðC�ÞMS;GIRSðZ�ÞGIRS; ðZ�ÞMS ¼ ðC̃�ÞMS;GIRSðZ�ÞGIRS: ð71Þ

These can be computed only perturbatively due to the very nature of MS. Being regularization-independent, they are
evaluated more easily in DR. The conversion matrices, along with the lattice mixing matrices in GIRS, calculated
nonperturbatively, allow the extraction of the lattice mixing matrices in the MS scheme.
We calculate the one-loop contributions to the conversion matrices by implementing all possible sets of conditions in

GIRS. These can be extracted by rewriting the GIRS conditions, given in the previous subsection, in terms of the conversion
matrices
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where CMS;GIRS
OΓ

is the conversion factor of the quark bilinear operator OΓ calculated by us to one loop in Ref. [40]
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16π2
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CMS;GIRS
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(γE stands for Euler’s constant.) Note that the conversion

matrix ðC̃S�1ÞMS;GIRS has the block diagonal form of Z�
[see Eq. (44)]. We provide below our results for the selected
options presented in Eqs. (62) and (70)

ðC�
ijÞMS;GIRS

¼ δij þ
g2
MS

16π2
Xþ1

k¼−1
½g�ij;k þ ðlnðμ̄2t2Þ þ 2γEÞh�ij;k�Nk

c

þOðg4
MS

Þ; ð81Þ

ðC̃�
ijÞMS;GIRS

¼ δij þ
g2
MS

16π2
Xþ1

k¼−1
½g̃�ij;k þ ðlnðμ̄2t2Þ þ 2γEÞh̃�ij;k�Nk

c

þOðg4
MS

Þ; ð82Þ

where the coefficients g�ij;k, h
�
ij;k, g̃

�
ij;k, and h̃

�
ij;k are given in

Tables VI and VII. For other GIRS variants, we refer the
reader to the one-loop results presented in our previous
work [19].
A by-product of our calculation is the anomalous

dimension matrices in GIRS at NLO for the four-quark
operators under consideration. The full results and further
details can be found in Ref. [19].

C. A “democratic” implementation of GIRS for
operator mixing

As discussed above, in the presence of operator mixing
there is a vast set of choices for alternative renormalization

TABLE VI. Numerical values of the coefficients g�ij;k, h
�
ij;k appearing in Eq. (81).

i j g�ij;−1 g�ij;0 g�ij;þ1 h�ij;−1 h�ij;0 h�ij;þ1

1 1 −869=140 �379=140 7=2 3 ∓3 0
1 2 2 ∓ð723=280 − 6 lnð2ÞÞ −2 0 0 0
1 3 −723=140þ 12 lnð2Þ 0 0 0 0 0
1 4 −4 �4 0 0 0 0
1 5 −2 �2 0 0 0 0
2 1 397=280þ 6 lnð2Þ �ð163=280 − 6 lnð2ÞÞ −2 0 0 0
2 2 −9=2 �2 7=2 −3 0 0
2 3 4 ∓2 0 0 ∓6 0
2 4 4 �8 0 0 0 0
2 5 −2 0 0 0 0 0
3 1 −1 �1 0 0 0 0
3 2 1 �99=280 0 0 0 0
3 3 −38=35 �2 251=140 −3 0 3
3 4 4 �239=280 −321=140 0 0 0
3 5 0 ∓239=560 0 0 0 0
4 1 −1 �1 0 0 0 0
4 2 1 ∓239=280 0 0 0 0
4 3 4 �2 −799=140 0 0 0
4 4 −307=112þ 3 lnð2Þ �169=140 251=140 −3 ∓3 3
4 5 −269=480þ 1=2 lnð2Þ �ð869=1680 − lnð2ÞÞ 0 1 ∓1=2 0
5 1 −6 �6 0 0 0 0
5 2 −6 0 0 0 0 0
5 3 0 ∓ 12 0 0 0 0
5 4 −269=40þ 6 lnð2Þ ∓ð29=140 − 12 lnð2ÞÞ 0 12 �6 0
5 5 −1229=240 − 3 lnð2Þ �309=140 1709=420 1 ∓3 −1

SPANOUDES, COSTA, MITSIDI, and PANAGOPOULOS PHYS. REV. D 113, 034504 (2026)

034504-16



conditions which can be employed in order to establish the
mixing matrix. In this subsection we propose a particular,
natural choice which treats all mixing operators on an equal
footing. Our approach can be generally applied to any case
of mixing; as a by-product, it also has the advantage of
providing an explicit solution of the quadratic coupled
equations stemming from the renormalization conditions,
thus leading directly to the values of the elements of the
mixing matrix.
As a prototype case involving n operators, we will

consider Qþ
i ði ¼ 1;…; 5Þ. A total of n2 conditions are

required to determine the elements of the n × n mixing
matrix Z; the most natural choice for nðnþ 1Þ=2 of these
conditions entails the two-point Green’s functions defined
in Eq. (53) and denoted here as Gij for brevity. In concise
matrix notation, Eq. (58) reads

ZGZT ¼ Gfree ð83Þ

One can easily check that, by its definition, G is a real and
symmetric matrix5 and it is positive semidefinite; these
properties hold both nonperturbatively and to any order in
perturbation theory. Therefore, the square root of G, with
nonnegative eigenvalues, is uniquely defined, and it is a real
symmetric matrix. Defining

Z0 ≡G−1=2
free ZG1=2; there follows∶ Z0Z0T ¼ 1: ð84Þ

Thus the conditions stemming from two-point Green’s
functions simply dictate that Z0 be an orthogonal matrix:
Z0 ∈ SOðnÞ. This requirement indeed corresponds to
nðnþ 1Þ=2 constraints on the elements of Z0, leaving
another nðn − 1Þ=2 degrees of freedom [same as the dimen-
sion of SOðnÞ] to be determined. For this determination, we
turn to the three-point functions, defined in Eq. (54). For

brevity, we will denote them as Gð3Þ
i;α , where i ¼ 1;…; n runs

over the number of mixing operators (n ¼ 5 in the case at

hand) and α ¼ 1;…; A (A ≥ n) runs over the different types
of independent three-point Green’s functions under consid-
eration; in our case, A ¼ 6, corresponding to the bilinears:
Γ∈ f1; γ5; γm; γmγ5; σmn; σm4g (m, n are spatial directions).

In terms ofGð3Þ
i;α , and of the bilinear renormalization functions

Zα, Eq. (59) reads

Z2
α

Xn
k¼1

ZikG
ð3Þ
k;α ¼ Gð3Þfree

i;α : ð85Þ

We reiterate that, out of the n × A conditions embodied in
this equation, only a choice of nðn − 1Þ=2 mutually com-
patible conditions must be imposed, in order to arrive at a
unique solution for the elements of the matrix Z. Defining
further the rectangular matrix

G̃ð3Þ
i;α ≡ Z2

α

Xn
k¼1

ðG−1=2ÞikGð3Þ
k;α; ð86Þ

Eq. (85) simply becomes

Z0G̃ð3Þ ¼ G̃ð3Þfree: ð87Þ

Given that Z0 is an orthogonal matrix, it leaves invariant the
lengths of each of the A columns in G̃ð3Þ, as well as the inner
product between any two columns. It is thus clear that these
lengths and inner products cannot be compelled to become
equal to their LO (“free”) values, through renormalization.
This explains why, among the 30!=ð10!20!Þ sets of choices
of renormalization conditions previously mentioned [more
generally: ð n×A

nðn−1Þ=2Þ] only a small percentage corresponds to

mutually compatible, nonoverdetermined conditions.
Consequently, denoting by G̃ð3Þ

α ; α ¼ 1;…; A, each of
the n-component columns of G̃ð3Þ, one could require that
at most n − 1 of the components of one such column
become equal to their LO value upon renormalization.
[See, e.g., conditions (62), involving three-point Green’s
functions built out of the scalar bilinear (components of
the first column of Gð3Þ) and only 4 out 5 Qi operators
(Q1, Q2, Q3, Q5).]

TABLE VII. Numerical values of the coefficients g̃�ij;k, h̃
�
ij;k appearing in Eq. (82).

i j g̃�ij;−1 g̃�ij;0 g̃�ij;þ1 h̃�ij;−1 h̃�ij;0 h̃�ij;þ1

1 1 −869=140 �379=140 7=2 3 ∓3 0
2 2 −9=2 0 7=2 −3 0 0
2 3 0 ∓2 0 0 ∓6 0
3 2 0 �99=280 0 0 0 0
3 3 −38=35 0 251=140 −3 0 3
4 4 −307=112þ 3 lnð2Þ �169=140 251=140 −3 ∓3 3
4 5 −269=480þ 1=2 lnð2Þ �ð869=1680 − lnð2ÞÞ 0 1 ∓1=2 0
5 4 −269=40þ 6 lnð2Þ ∓ð29=140 − 12 lnð2ÞÞ 0 12 �6 0
5 5 −1229=240 − 3 lnð2Þ �309=140 1709=420 1 ∓3 −1

5To this end, one must also make use of the fact that the
vacuum expectation value inG, being necessarily a flavor singlet,
forces the 8 implicit flavor indices of G to be pairwise equal.

CLASSIFICATION OF FOUR-QUARK OPERATORS WITH … PHYS. REV. D 113, 034504 (2026)

034504-17



Alternatively, an implementation of GIRS which is
“democratic” with respect to the mixing operators is as
follows:

(i) Require that one column of G̃ð3Þ (say the first one,

G̃ð3Þ
1 , which involves scalar bilinears) become,

upon renormalization, parallel to its LO counterpart.
This fixes n − 1 out of the nðn − 1Þ=2 parameters
of Z0.

(ii) For another column of G̃ð3Þ (say G̃ð3Þ
2 , which involves

pseudoscalar bilinears), require that its components
perpendicular to the first column become, upon
renormalization, parallel to their LO counterpart.
This fixes n − 2 further parameters of Z0.

(iii) Continue likewise for a 3rd,…, ðn − 1Þth column,
requiring that their components perpendicular to all
previous colums become, upon renormalization,
parallel to their LO counterparts. This fixes all
parameters of Z0, and is compatible with Z0 belong-
ing to OðnÞ.

In order to carry out this implementation, and deduce Z0,
we define recursively an orthonormal basis of n-component
vectors stemming from the above columns, using a Gram-
Schmidt orthogonalization procedure

ê1 ≡ G̃ð3Þ
1 =N 1; ê2 ≡ ðG̃ð3Þ

2 − ðG̃ð3Þ
2 · ê1Þê1Þ=N 2; …

êi ≡
�
G̃ð3Þ

i −
Xi−1
j¼1

ðG̃ð3Þ
i · êjÞêj

�
=N i ði ¼ 1;…; nÞ;

ð88Þ

where the normalization factorsN i are such that
6: jêij ¼ 1.

In the same fashion, starting from G̃ð3Þfree we define the
LO counterparts êfreei . Note that the elements of the last
vector ên can be exclusively expressed (up to a sign) in
terms of the elements of êj, (j < n) without the need to

compute the G̃ð3Þ
n ; the sign can be determined from the

corresponding LO counterpart êfreen

Xn
j¼1

½ðêjÞi�2 ¼ 1 ⇒ ðênÞi

¼ sgn½ðêfreen Þi�
�
1 −

Xn−1
j¼1

½ðêjÞi�2
�1=2

: ð89Þ

The mixing matrix Z0 then simply reads

Z0 ¼
Xn
i¼1

êfreei ⊗ êTi : ð90Þ

It is straightforward to check that Z0 is indeed orthogonal
and that it induces the democratic renormalization pre-
scription described above. Combining with Eq. (84), the
final result for the mixing matrix Z is

Z≡G1=2
freeZ

0G−1=2: ð91Þ

Applying the criterion described in the previous section,
we present below one of the cases that give the smallest
mixing (or, more generally, NLO) contributions

ððG̃ð3Þ;�
1 Þi; ðG̃ð3Þ;�

2 Þi; ðG̃ð3Þ;�
3 Þi; ðG̃ð3Þ;�

4 Þi; ðG̃ð3Þ;�
5 ÞiÞ

¼
�
G̃3pt

S;Q�
i ;S

; G̃3pt
P;Q�

i ;P
; G̃3pt

Vm;Q�
i ;Vm

; G̃3pt
Am;Q

þ
i ;Am

; G̃3pt
Tmn;Q�

i ;Tmn

�
:

ð92Þ

It does not really matter which tensor bilinear (Tmn or Tm4)
is being used as the fifth set of the three-point functions,
since the computation of the last set is not necessary, as
explained above. In this sense, this choice can be preferable
given that three-point functions with tensor bilinear oper-
ators are expected to be more noisy in simulations. We note
that using three-point Green’s functions with both tensor
bilinears Tmn and Tm4 does not lead to a compatible set of
conditions. Comparing with the conventional implementa-
tion of GIRS, this version gives a conversion matrix closer
to the unit matrix and, thus, its perturbative evaluation is
more trustworthy. In the democratic version (“D-GIRS”)
our results for this conversion matrix at NLO are given
below, for Nc ¼ 3

ðC�
ijÞMS;D-GIRS

¼ δij þ
g2
MS

16π2
½gD;�

ij þ hD;�
ij lnðμ̄2t2Þ� þOðg4

MS
Þ; ð93Þ

where gD;�
ij and hD;�

ij are given in Table VIII.
Whenever mixing involves only two operators, as is the

case with fQ2;Q3g and with fQ4;Q5g, this procedure
simplifies considerably. Z0, belonging to Oð2Þ, can be
written as

Z0 ¼
�
cos θ − sin θ

sin θ cos θ

�
: ð94Þ

In accordance with the above implementation, requiring

Z0G̃ð3Þ
1 to be parallel to G̃ð3Þfree

1 leads to7

6Should any normalization factor vanish, it would signal that the
corresponding column of Gð3Þ does not constitute an independent
set of Green’s functions and should thus be discarded.

7Due to the fact that, in this case, the two bilinears appearing
in the 3-point Green’s function differ by γ5, the quantity Z2

α in
Eq. (86) must be replaced by the product of renormalization
functions for each of the two bilinears.
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ðG̃ð3Þfree
1 ÞTZ0G̃ð3Þ

1 ¼ jG̃ð3Þfree
1 jjG̃ð3Þ

1 j ⇒ cos θ

¼ G̃ð3Þfree
1 · G̃ð3Þ

1

jG̃ð3Þfree
1 jjG̃ð3Þ

1 j
;

sin θ ¼ G̃ð3Þfree
21 G̃ð3Þ

11 − G̃ð3Þfree
11 G̃ð3Þ

21

jG̃ð3Þfree
1 jjG̃ð3Þ

1 j
: ð95Þ

In this case, using our criterion, a possible choice of
Green’s function is

ðG̃ð3Þ;�
1 Þi ¼ G̃3pt

S;Q�
i ;P

ð96Þ

for both 2 × 2 sets. Our results for the conversion matrix of
the selected case at NLO are given below, for Nc ¼ 3

ðC̃�
ijÞMS;D-GIRS ¼ δij þ

g2
MS

16π2
½g̃D;�

ij þ h̃D;�
ij lnðμ̄2t2Þ�

þOðg4
MS

Þ; ð97Þ

where g̃D;�
ij and h̃D;�

ij are given in Table IX.
It remains to be investigated whether this “democratic”

variant of GIRS can lead to a more controlled numerical
error originating from the nonperturbative evaluation of G̃ð3Þ

i;α .

V. SUMMARY—FUTURE PLANS

In this work, we present a systematic classification and
formulation for the renormalization of a complete set of
scalar and pseudoscalar four-quark operators that do not
mix with lower-dimensional operators, due to their trans-
formation properties under the flavor symmetry group.
These operators play an important role in phenomenologi-
cal studies of flavor-changing processes. Employing GIRS,
we computed two-point and three-point Green’s functions
involving four-quark operators and quark bilinears in
coordinate space. GIRS is advantageous for lattice regu-
larizations because its gauge-invariant nature allows the
nonperturbative determination of the mixing matrices with-
out gauge fixing, avoiding Gribov-copy issues and gauge-
noninvariant operator mixing. The operator classification
was carried out for a general number of flavors Nf, and our
analysis extended beyond operators with vanishing trace
parts to include a broad class of ΔF ¼ 1 and ΔF ¼ 0
operators belonging to the same flavor representations.
To address operator mixing, we formulate suitable

renormalization conditions that can be applied in both
continuum and lattice regularizations. In principle, many
such conditions can be defined by choosing different
subsets of three-point functions (since the total number
of conditions does not require using all available three-
point functions) leading to different variants of GIRS. In
our study, we systematically examine all possible variants
within continuum perturbation theory and identify the
choices that yield a definite, self-consistent solution. A
selected version, which has small off-diagonal contribu-
tions to the mixing matrix is provided in Eqs. (62), (70).
Another (democratic) version, which treats all mixing
operators (in the three-point functions) on an equal footing
is given in Eqs. (92), (96). For all these variants of GIRS,
we have extracted the next-to-leading-order conversion
matrices between GIRS and MS. The conversion matrices,
along with the lattice mixing matrices in GIRS, calculated
nonperturbatively, allow for the determination of the
renormalized physical matrix elements of the four-quark
operators in the MS scheme.

TABLE VIII. Numerical values of the coefficients gD;�
ij , hD;�

ij
appearing in Eq. (93).

i j gD;þ
ij hD;þ

ij gD;−
ij hD;−

ij

1 1 8.829233 −2 10.341535 4
1 2 −6.617985 0 −5.888148 0
1 3 −0.856435 0 0.369876 0
1 4 8=3 0 −16=3 0
1 5 4=3 0 −8=3 0
2 1 −5.810232 0 −1.926914 0
2 2 10.414616 −1 6.414616 −1
2 3 −4.178969 −6 6.845636 6
2 4 9.993402 0 −6.267724 0
2 5 −2=3 0 −2=3 0
3 1 2=3 0 −4=3 0
3 2 −1=6 0 5=6 0
3 3 15.683070 8 11.683070 8
3 4 −11.656770 0 −10.068253 0
3 5 0 0 0 0
4 1 2=3 0 −4=3 0
4 2 1=3 0 1=3 0
4 3 −7.841580 0 −13.364817 0
4 4 11.540368 5 16.344397 11
4 5 0.057895 −1=6 0.710525 5=6
5 1 4 0 −8 0
5 2 −2 0 −2 0
5 3 −11.009897 0 12.598414 0
5 4 10.442128 10 −8.222530 −2
5 5 6.069376 −17=3 8.289952 1=3

TABLE IX. Numerical values of the coefficients g̃D;�
ij , h̃D;�

ij
appearing in Eq. (97).

i j g̃D;þ
ij h̃D;þ

ij g̃D;−
ij h̃D;−

ij

1 1 8.829233 −2 10.341535 4
2 2 8.414616 −1 8.414616 −1
2 3 −5.512302 −6 5.512302 6
3 2 −1=2 0 1=2 0
3 3 13.683070 8 13.683070 8
4 4 11.540368 5 16.344397 11
4 5 0.057895 −1=6 0.710525 5=6
5 4 10.442128 10 −8.222530 −2
5 5 6.069376 −17=3 8.289952 1=3
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An important direction for future investigation is the
assessment of the reliability of the GIRS variants in lattice
simulations, particularly in comparison with more conven-
tional renormalization schemes. In a forthcoming study, we
intend to extend the GIRS framework to the renormalization
of four-quark operators that mix with lower-dimensional
operators. This case requires a more refined treatment due to
the presence of power-divergent mixings, which pose addi-
tional conceptual and computational challenges.
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Calculation of K → ππ decay amplitudes with improved
Wilson fermion action in non-zero momentum frame in
lattice QCD, Phys. Rev. D 98, 114512 (2018).

[38] G. Martinelli, C. Pittori, C. T. Sachrajda, M. Testa, and A.
Vladikas, A general method for non-perturbative renorm-
alization of lattice operators, Nucl. Phys. B445, 81 (1995).

[39] M. Costa, G. Panagopoulos, H. Panagopoulos, and G.
Spanoudes, Gauge-invariant renormalization of the
Gluino-Glue operator, Phys. Lett. B 816, 136225 (2021).

[40] M. Costa, I. Karpasitis, T. Pafitis, G. Panagopoulos, H.
Panagopoulos, A. Skouroupathis, and G. Spanoudes,
Gauge-invariant renormalization scheme in QCD: Applica-
tion to fermion bilinears and the energy-momentum tensor,
Phys. Rev. D 103, 094509 (2021).

[41] G. Bergner, M. Costa, H. Panagopoulos, S. Piemonte, I.
Soler Calero, and G. Spanoudes, Nonperturbative renorm-
alization of the supercurrent in N ¼ 1 supersymmetric
Yang-Mills theory, Phys. Rev. D 107, 034502 (2023).

[42] V. Gimenez, L. Giusti, S. Guerriero, V. Lubicz, G.
Martinelli, S. Petrarca, J. Reyes, B. Taglienti, and E.
Trevigne, Non-perturbative renormalization of lattice oper-
ators in coordinate space, Phys. Lett. B 598, 227 (2004).

[43] K. G. Chetyrkin and A. Maier, Massless correlators of
vector, scalar and tensor currents in position space at orders
α3s and α4s : Explicit analytical results, Nucl. Phys. B844, 266
(2011).

[44] K. Cichy, K. Jansen, and P. Korcyl, Non-perturbative
renormalization in coordinate space for Nf ¼ 2 maximally
twisted mass fermions with tree-level Symanzik improved
gauge action, Nucl. Phys. B865, 268 (2012).

[45] M. Tomii and N. H. Christ, Oð4Þ-symmetric position-space
renormalization of lattice operators, Phys. Rev. D 99,
014515 (2019).

[46] A. Donini, V. Gimenez, G. Martinelli, M. Talevi, and A.
Vladikas, Nonperturbative renormalization of lattice four
fermion operators without power subtractions, Eur. Phys. J.
C 10, 121 (1999).

[47] M. Papinutto, C. Pena, and D. Preti, On the perturbative
renormalization of four-quark operators for new physics,
Eur. Phys. J. C 77, 376 (2017); 78, 21(E) (2018).

[48] G. ’t Hooft and M. J. G. Veltman, Regularization and
renormalization of gauge fields, Nucl. Phys. B44, 189
(1972).

[49] J. C. Collins, Renormalization: An Introduction to Renorm-
alization, the Renormalization Group, and the Operator-
Product Expansion (Cambridge University Press, Cam-
bridge, England, 1984), 10.1017/CBO9780511622656.

[50] M. J. Dugan and B. Grinstein, On the vanishing of evan-
escent operators, Phys. Lett. B 256, 239 (1991).

[51] S. Herrlich and U. Nierste, Evanescent operators, scheme
dependences and double insertions, Nucl. Phys. B455, 39
(1995).

[52] C. Lehner and C. Sturm, Matching factors for Delta S ¼ 1
four-quark operators in RI/SMOM schemes, Phys. Rev. D
84, 014001 (2011).

[53] M. Ciuchini, E. Franco, G. Martinelli, L. Reina, and L.
Silvestrini, An upgraded analysis of epsilon-prime epsilon at
the next-to-leading order, Z. Phys. C 68, 239 (1995).

[54] J. Bühler and P. Stoffer, One-loop matching of CP-odd four-
quark operators to the gradient-flow scheme, J. High Energy
Phys. 08 (2023) 194.

CLASSIFICATION OF FOUR-QUARK OPERATORS WITH … PHYS. REV. D 113, 034504 (2026)

034504-21

https://arXiv.org/abs/2508.03655
https://doi.org/10.1103/PhysRevD.47.5113
https://doi.org/10.1103/PhysRevD.47.5113
https://doi.org/10.1016/S0920-5632(01)01703-0
https://doi.org/10.1016/S0920-5632(01)01703-0
https://doi.org/10.1103/PhysRevD.84.014503
https://doi.org/10.1103/PhysRevD.83.014505
https://doi.org/10.1103/PhysRevD.83.014505
https://doi.org/10.1007/JHEP12(2020)187
https://doi.org/10.1007/JHEP12(2020)187
https://doi.org/10.1103/PhysRevD.102.034508
https://doi.org/10.1142/S0217751X15430058
https://doi.org/10.1142/S0217751X15430058
https://doi.org/10.1016/S0550-3213(96)00559-7
https://doi.org/10.1016/S0550-3213(96)00559-7
https://doi.org/10.1016/0550-3213(96)00390-2
https://doi.org/10.1016/0550-3213(96)00390-2
https://doi.org/10.1038/s41586-025-09119-3
https://doi.org/10.1038/s41586-025-09119-3
https://doi.org/10.1007/JHEP05(2011)040
https://doi.org/10.1007/JHEP05(2011)040
https://doi.org/10.1016/S0550-3213(98)00580-X
https://doi.org/10.1016/S0370-2693(99)01166-1
https://doi.org/10.1016/S0370-2693(99)01166-1
https://doi.org/10.1016/S0370-2693(01)01458-7
https://doi.org/10.1016/S0550-3213(98)00867-0
https://doi.org/10.1016/S0550-3213(98)00867-0
https://doi.org/10.1103/PhysRevD.98.114512
https://doi.org/10.1016/0550-3213(95)00126-D
https://doi.org/10.1016/j.physletb.2021.136225
https://doi.org/10.1103/PhysRevD.103.094509
https://doi.org/10.1103/PhysRevD.107.034502
https://doi.org/10.1016/j.physletb.2004.07.053
https://doi.org/10.1016/j.nuclphysb.2010.11.007
https://doi.org/10.1016/j.nuclphysb.2010.11.007
https://doi.org/10.1016/j.nuclphysb.2012.08.006
https://doi.org/10.1103/PhysRevD.99.014515
https://doi.org/10.1103/PhysRevD.99.014515
https://doi.org/10.1007/s100529900097
https://doi.org/10.1007/s100529900097
https://doi.org/10.1140/epjc/s10052-017-4930-6
https://doi.org/10.1140/epjc/s10052-018-5522-9
https://doi.org/10.1016/0550-3213(72)90279-9
https://doi.org/10.1016/0550-3213(72)90279-9
https://doi.org/10.1017/CBO9780511622656
https://doi.org/10.1016/0370-2693(91)90680-O
https://doi.org/10.1016/0550-3213(95)00474-7
https://doi.org/10.1016/0550-3213(95)00474-7
https://doi.org/10.1103/PhysRevD.84.014001
https://doi.org/10.1103/PhysRevD.84.014001
https://doi.org/10.1007/BF01566672
https://doi.org/10.1007/JHEP08(2023)194
https://doi.org/10.1007/JHEP08(2023)194

	Classification of four-quark operators with &Delta;F&le;2 under flavor symmetry and their renormalization in a gauge-invariant scheme
	I. INTRODUCTION
	II. OPERATOR SETUP
	A. Operator classification into irreducible representations of SU(Nf) flavor group
	B. Scalar and pseudoscalar four-quark operators
	C. Other symmetry properties
	D. Operators for flavor-changing processes

	III. RENORMALIZATION SETUP
	A. Mixing matrices
	B. Gauge-invariant renormalization scheme (GIRS)

	IV. RENORMALIZATION CONDITIONS AND RESULTS
	A. GIRS renormalization conditions
	B. Conversion matrices
	C. A ``democratic'' implementation of GIRS for operator mixing

	V. SUMMARY-FUTURE PLANS
	ACKNOWLEDGMENTS
	DATA AVAILABILITY
	References


